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Violation of particle number conservation in the GW approximation
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~Received 5 February 1997!

We present a nontrivial model system of interacting electrons that can be solved analytically in theGW
approximation. We obtain the particle number from theGW Green’s function strictly analytically, and prove
that there is a genuine violation of particle number conservation if the self-energy is calculated non-self-
consistently from a zeroth order Green’s function, as done in virtually all practical implementations. We also
show that a simple shift of the self-energy that partially restores self-consistency reduces the numerical
deviation significantly.@S0163-1829~97!00931-4#
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INTRODUCTION

Many-body perturbation theory for condensed-mat
physics allows the Green’s function of a system of intera
ing electrons to be formulated in a picture of independ
quasiparticles moving in an effective potential. The k
quantity that incorporates the contributions of dynamic
change and correlation to this effective potential is the s
energy operatorS, which in general is both nonlocal an
energy dependent. It is itself a functional of the Gree
function that can formally be expressed through an infin
series of Feynman diagrams. In practice, however, appr
mations for the functional form are required, of which t
most popular is theGW approximation introduced by
Hedin.1 This approach replaces the infinite series of Fe
man diagrams for the self-energy operator by a single Fo
like diagram that is the product of the Green’s functionG
and the dynamically screened Coulomb interactionW, hence
the name of the scheme. Originally theGW approximation
was devised to be applied self-consistently on an equal f
ing with the Hartree and Hartree-Fock approximations, in
sense that the Green’s function used to generate the
energy be identical to that obtained from it, but the comp
tational cost proved prohibitive. ThusGW self-energies are
traditionally calculated from a zeroth order Hartree or LD
Green’s function, although a small degree of self-consiste
is sometimes introduced by rigidly shifting the zeroth ord
Green’s function on the energy axis in such a way that
chemical potential agrees with that of theGW Green’s func-
tion derived from it. It is in this fashion that theGW approxi-
mation has in the past been successfully applied to a w
range of materials including semiconductors,2,3 simple
metals,4 and transition metals.5 The first fully self-consistent
GW calculations for model systems were reported o
recently,6,7 but these consistently showed an undesired l
of structural features in the Green’s function in disagreem
with experiment.8

As future GW calculations for realistic materials ar
therefore unlikely to adopt a fully self-consistent approa
the question of particle number conservation, long sinc
subject of debate in this context, has gained renewed sig
cance. Since the imaginary part of the Green’s function
directly related to the density of states as well as to the r
space charge density, it must integrate to the correct num
560163-1829/97/56~7!/3528~4!/$10.00
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of electrons contained in the system, a condition frequen
used to determine the numerical accuracy in practical imp
mentations. However, while the fully self-consistentGW
scheme is known to conserve the exact particle number,9 the
same, while tacitly assumed, has never actually been pro
for the approximation used in practice, in which the se
energy is calculated from a zeroth order Green’s functi
Numerical simulations appeared to corroborate this posi
assumption, with deviations below one percent fully with
the range expected due to systematic numerical errors,
this has already prompted occasional confirmative con
tures in the literature.5 However, in this paper we shall show
that upon elimination of these errors, which arise from n
merical integration, transformation to Fourier space with
finite broadening of the quasiparticle peaks, alignment of
chemical potentials only within second order perturbat
theory, etc., there still remains a genuine albeit numerica
small violation of particle number conservation, as was p
viously demonstrated by accurate molecular calculations
the analogous scheme based on time-dependent Har
Fock rather than Hartree theory that is frequently employ
in quantum chemistry.10 We also demonstrate that restoring
degree of self-consistency by means of an appropriate s
in the zeroth order Green’s function, which in practice
often omitted because of its negligible influence on the ba
structure, further significantly reduces the deviation. The s
nificance of this result is that it provides a way to minimi
the fundamental limit on the accuracy with which quantiti
such as the charge density or the total energy can be ca
lated in theGW approximation.

DESCRIPTION OF MODEL SYSTEM

For our proof we consider as an analytically solvab
counter-example a four-site Hubbard cluster with tetrahed
symmetry, populated by two electrons. To the best of
knowledge this is in fact the first model system forwarded
the literature for which the Green’s function and partic
number in theGW approximation can be calculated strict
analytically, without any numerical errors. Its significan
for theoretical investigations therefore stretches beyond
objective of this paper, and for the benefit of the reader
3528 © 1997 The American Physical Society
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will thus present all derivations in sufficient detail. Th
Hamiltonian is

H5S e2
U

2 D(
R,s

n̂Rs2t (
R,R8,s

cRs
† cR8s1U(

R
n̂R↑n̂R↓ ,

~1!

wherecRs
† andcRs are the creation and annihilation oper

tors for an electron at siteR with spin s, and
n̂Rs5cRs

† cRs . We sete54t andt51 while leaving the on-
site interaction strengthU variable. To construct theGW
self-energy we start from a zeroth order Green’s function
the Hartree approximation, noting that the exchan
correlation potential in a corresponding density-functio
treatment is a mere constant due to spatial symmetries
would not affect the following arguments. Spatial symm
tries and degeneracy ins also require a uniform fractiona
site occupation of one half and accordingly a Hartree pot
tial of U/2 on all sites. Analytic diagonalization of the Ha
tree 434 Hamiltonian matrixHRR8

H
5edRR82t for each spin

orientation then yields a nondegenerate ground state at
energy and a threefold degenerate excited state at enere.
With the electrons in the ground stateu0& the zeroth order
Green’s function becomes

GRR8
H

~v!5
^Ru0&^0uR8&

v2 ih
1 (

n51

3
^Run&^nuR8&

v2e1 ih
, ~2!

where we have omitted the spin index.h denotes a positive
infinitesimal. Using the relation̂Ru0&^0uR8&51/4 for the
components of the ground-state vector we proceed to ca
lating the polarization propagator in the random-phase
proximation~RPA!, defined through

PRR8
RPA

~v!522
i

2pE GRR8
H

~v1v8!GR8R
H

~v!dv8

5
1

2(
n51

3

^Run&^nuR8&H 1

v2e1 ih
2

1

v1e2 ihJ ,

~3!

including a factor 2 for the spin summation. The polarizati
propagator is diagonal in eigenvector space, and can thu
analytically inverted to yield the screened interaction

WRR8
RPA

~v!5UdRR81U(
R9

PRR9
RPA

~v!WR9R8
RPA

~v!

5UdRR81
eU2

2z (
n51

3

^Run&^nuR8&

3H 1

v2z1 ih
2

1

v1z2 ihJ , ~4!

with z5@e(e1U)#1/2. A similar analytic expression for the
screening in a related model system was previously give
Ref. 11. The self-energy in theGW approximation is a con-
volution of the zeroth order Green’s function and the RP
screened interaction,
n
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SRR8
GW

~v!5
i

2pE GRR8
H

~v2v8!WRR8
RPA

~v8!eidv8dv8

52
U

4
dRR81

3eU2

8z

^Ru0&^0uR8&
v2z2e1 ih

1
eU2

8z (
n51

3

^Run&^nuR8&

3H 2

v2z2e1 ih
1

1

v1z2 ihJ , ~5!

where d denotes a positive infinitesimal. We have writte
SGW in such a way as to emphasize that it is diagonal in
eigenvectorsun& of the initial Hartree system. On the othe
hand, diagonalization of the full Hamiltonian including th
self-energy yields the quasiparticle states of the interac
electron system, so for our model the two are in fact iden
cal, although the corresponding energy eigenvalues are
In this way we can calculate the chemical potentialm of the
interacting electron system exactly from its true quasipart
properties. By definition the chemical potential is identical
the energy eigenvalue of the highest occupied quasipar
state, which is zero for the original Hartree system, and at
GW level is given implicitly through the self-energy corre
tion,

m501Sn50
GW ~m2ṽ !. ~6!

Here we have allowed for the possibility of using a se
energy derived from a zeroth order Green’s function who
chemical potential has been shifted byṽ on the energy axis.
To simulate the effect of a self-consistent calculation we
termine the shift by requiring the chemical potentials of t
shifted zeroth order Green’s function and theGW Green’s
function obtained from it to be identical. While this equatio
is usually solved within second order perturbation theory,
simple form of the self-energy for our model~5! allows us to
derive the exact analytic solution

ṽ52
U

4
2

3eU2

8z~z1e!
, ~7!

which correctly approaches zero asU→0. Accordingly we
solve Dyson’s equation

Gn
GW~v!5Gn

H~v!1Gn
H~v!Sn

GW~v2ṽ !Gn
GW~v! ~8!

in eigenvector space both forṽ50 andṽ as in Eq.~7!, and
compare the results. In this diagonal form Dyson’s equat
is analytically solvable. Forn50 the self-energy~5! contains
one pole, which adds a satellite to the quasiparticle pea
the Hartree Green’s function and yields a quadratic equa
for the positions of the poles ofGGW. Similarly the quasi-
particle and satellite structure of then.0 matrix elements is
obtained from the zeroes of a third order polynomial, refle
ing the richer spectrum in the self-energy. TheGW Green’s
function therefore takes the analytic form
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GRR8
GW

~v1ṽ !

5^Ru0&^0uR8&
v2z2e

~v2x12 ih!~v2x21 ih!

1 (
n51

3

^Run&^nuR8&

3
~v2z2e!~v1z!

~v2y12 ih!~v2y21 ih!~v2y31 ih!
, ~9!

where we have defined the symbols

x1,25

z1e2ṽ2
U

4

2
7
AS z1e1ṽ1

U

4

2
D 2

1
3eU2

8z
~10!

together with y152(b/3)22rcos(f/3) and y2,352(b/3)
12rcos@(p7f)/3# as well as the auxiliary quantitie
r 56Aupu, f5arccos(q/r 3), q5b3/272bc/61d/2,
p5(3c2b2)/9, and the polynomial coefficients

b522e1ṽ1
U

4
, ~11a!

c52z~z1e!1eS e2ṽ2
U

4 D2
3eU2

8z
, ~11b!

d5z~z1e!S e2ṽ2
U

4 D1
~e2z!eU2

8z
. ~11c!

RESULTS

From the Green’s function in theGW approximation~9!
the particle number may be obtained by an analytic cont
integration along a path closed across the upper half plan
sample all occupied states below the chemical potential.
inspection we note that these are the states atx1 andy1. For
the total particle number we thus obtain

N52(
R

1

2p i E GRR
GW~v!eidvdv

5
2~x12z2e!

x12x2
1

6~y12z2e!~y11z!

~y12y2!~y12y3!
, ~12!

including a factor 2 for spin summation. If the particle num
ber in theGW approximation was conserved,N would have
to be a constant with a value of two. In particular, it wou
also have to be independent of the interaction strengthU,
which so far we have not specified, but an analysis of
expression~12! confirms that this is not the case. In Fig.
we show the calculated particle number as a function ofU,
both with and without applying the shiftṽ in the zeroth
order Green’s function. In either case the growing deviat
from the true value asU increases is clearly visible, evidenc
of a genuine and fundamental violation of particle numb
r
to
y

e

n

r

conservation in theGW approximation as usually applied. I
absolute terms, however, we find that the discrepancy
much reduced when the chemical potentials are aligned
the prescribed way, and that it depends only very weakly
the interaction strength up to high values ofU. For a medium
correlation ofU54 the numerical deviation amounts to a
underestimation of merely 0.21% of the true particle numb

A comparison of the weight factors ofGGW with those of
the exact Green’s function, calculated by numerical dia
nalization of the Hamiltonian matrix, shows that in the a

sence of the self-consistency shiftṽ the main error inN
stems from a serious overestimation of the satellite spectr
while the weight of the quasiparticle peak atx1 deviates
relatively little from the correct value up to high correlatio
strength. When the self-consistency shift is applied the
ellites are also overestimated, although by a lesser amo
In this case, however, this is the result of a balanced we
transfer from the quasiparticle peaks that has little influe
on the integrated spectral weight and yields a total part
number in much better agreement with the correct value

SUMMARY

In summary, we have presented a two-electron model s
tem for which the particle number from the Green’s functi
in theGW approximation can be derived strictly analyticall
without any additional inaccuracies that have previously
set numerical calculations. Through an analysis of this mo
system we have demonstrated that there is a genuine v
tion of particle number conservation in theGW approxima-
tion as it is usually applied, i.e., with the self-energy calc
lated non-self-consistently from a zeroth order Gree
function. However, we also find that the numerical deviati
from the exact particle number can be kept low even for
extremely strong correlation by introducing a small degree
self-consistency in the form of a simple rigid shift of th

FIG. 1. Analytically calculated particle number in theGW ap-
proximation for our two-electron model system as a function of
interaction strengthU. Applying a rigid shift to the zeroth orde
Green’s function such as to align its chemical potential se
consistently with that of theGW Green’s function significantly re-
duces the violation of particle number conservation, but fails
remove it completely.



h

h
e

ul
ti
t a
tra

.
nd
er
III
ott-
e
Re-

56 3531BRIEF REPORTS
zeroth order Green’s function on the energy axis in suc
way as to align its chemical potential with that of theGW
Green’s function, which is calculated from it throug
Dyson’s equation. While the effect of this shift on th
quasiparticle band structure may be small, our res
clearly indicate its significance for the calculation of quan
ties such as the particle number and charge density tha
derived through integration over the complete spec
function.
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