
LOCAL INTERSECTIONS OF LAGRANGIAN MANIFOLDS

CORRESPOND TO CATASTROPHE THEORY

CHRISTIAN OFFEN

Abstract. Two smooth map germs are right-equivalent if and only if they

generate two Lagrangian submanifolds in a cotangent bundle which have the
same contact with the zero-section. In this paper we provide a reverse direction

to this classical result of Golubitsky and Guillemin. Two Lagrangian subman-

ifolds of a symplectic manifold have the same contact with a third Lagrangian
submanifold if and only if the intersection problems correspond to stably right

equivalent map germs. We, therefore, obtain a correspondence between local

Lagrangian intersection problems and catastrophe theory while the classical
version only captures tangential intersections. The correspondence is defined

independently of any Lagrangian fibration of the ambient symplectic mani-
fold, in contrast to other classical results. Moreover, we provide an extension

of the correspondence to families of local Lagrangian intersection problems.

This gives rise to a framework which allows a natural transportation of the
notions of catastrophe theory such as stability, unfolding and (uni-)versality

to the geometric setting such that we obtain a classification of families of lo-

cal Lagrangian intersection problems. An application is the classification of
Lagrangian boundary value problems for symplectic maps.

1. Introduction

Local singularities of smooth, scalar-valued functions have been studied exten-
sively under the headlines catastrophe theory and singularity theory. The local
behaviour of the set of critical points of a smooth function under perturbations is
related to bifurcation phenomena in dynamical systems [1, 3]. Applications to op-
tics, economical models, and laser physics are reviewed in [26], for instance. Thanks
to foundational work by Whitney, Thom, Mather, Arnold, and others, classification
results for singularities are known [2, 17, 28]. Of fundamental importance for the
classification results is the notion of right equivalence of function germs.

Definition 1.1 (right equivalence of function germs). Two germs of smooth func-
tions f, g : (Rk, 0) → (R, 0) are right equivalent if there exists a germ of a diffeo-
morphism h : (Rk, 0)→ (Rk, 0) such that f = g ◦ h. 4

In [9] Golubitsky and Guillemin show that the question whether two func-
tion germs are right equivalent has a geometric analogue, namely whether two
Lagrangian submanifolds in a cotangent bundle have the same contact with the
zero-section.

Definition 1.2 (tangential contact of Lagrangian intersections (in cotangent bun-
dles)). Let Λ, Λ′ be two Lagrangian submanifolds in the cotangent bundle T ∗X
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intersecting at a point z ∈ X ⊂ T ∗X tangentially. The submanifolds Λ, Λ′ have
the same contact with X at z if and only if there exists a symplectomorphism Φ
defined on an open neighbourhood U of z ∈ T ∗X such that

Φ(Λ ∩ U) = Λ′ ∩ U, Φ(z) = z, Φ(X ∩ U) = X ∩ U. 4
Building on results by Tougeron [27] they prove the following theorem.

Theorem 1.1 ([9]). Let U be an open neighbourhood of 0 in Rk. The germs at 0
of two smooth function f, g : U → R with f(0) = 0 = g(0), vanishing gradients at 0,
i.e. df |0 = 0 = dg|0, and vanishing Hessian matrices at 0 (in any local coordinate
system) are right equivalent if and only if the Lagrangian manifolds Λ = df(U) and
Λ′ = dg(U) have the same tangential contact with the zero-section at 0 in T ∗U .

In the above theorem df(U) and dg(U) denote the image of U ⊂ Rk under the
1-form df or dg, respectively, where 1-forms are interpreted as maps U → T ∗U ,
i.e. as sections of the cotangent bundle T ∗U → U .

The strength of Theorem 1.1 is related to the parametric Morse lemma, which
says that up to a local change of coordinates any function germ F : (RK , 0)→ (R, 0)
with critical point at 0 can be split into a nondegenerate quadratic function QF
and a fully degenerate part f , i.e. a representative of the germ F can be brought
into the form f(x1, . . . , xk(F )) +QF (xk(F )+1, . . . , xK), where K − k(F ) is the rank
of the Hessian matrix of F at 0 [5, §14.12]. Therefore, F,G : (RK , 0) → (R, 0) are
right equivalent if and only if the signatures of QF and QG coincide and their fully
reduced parts f and g fulfil the geometric condition in Theorem 1.1.

Thus, Theorem 1.1 is very appealing because it allows us to turn an analysis
problem into a geometric problem. The geometric problem itself, i.e. the descrip-
tion of intersecting Lagrangian manifolds, is, however, important in its own right.
For instance, in dynamical systems, where intersections of Lagrangian invariant
manifolds in phase spaces encode important information about the dynamics of the
system [10, 14]. Global aspects such as lower bounds for the number of intersection
points of Lagrangian intersections (e.g. the Arnold–Givental conjecture [7]) have
motivated many developments in Symplectic Topology such as Flour homology [8],
the theory of pseudo-holomorphic curves, and global methods based on generating
functions. We refer to [6] and references therein. In this paper, however, we study
local aspects only.

Boundary value problems in Hamiltonian systems can be phrased as Lagrangian
intersection problems and local properties of the intersections are of high signifi-
cance for a description of the bifurcation behaviour of solutions [29]. It is, therefore,
desirable, to obtain a reverse direction of Theorem 1.1, i.e. a statement which al-
lows to turn the description of (possibly non-tangentially) intersecting Lagrangian
manifolds in arbitrary symplectic manifolds into a problem in classical singularity
theory or catastrophe theory. This paper provides an important theoretical founda-
tion for works in Numerical Analysis and Geometric Numerical Integration, where
for the computation of bifurcation diagrams of solutions to Hamiltonian boundary
value problems a correct exploitation of symplectic structure is crucial [12, 20, 21,
23, 22, 24].

We will show that we can assign smooth function germs to local Lagrangian
intersection problems such that the following theorem holds.

Theorem 1.2. Let X,Λ and X ′,Λ′ be Lagrangian submanifolds of a symplectic
manifold Z such that Λ intersects X in an isolated point z and Λ′ intersects X ′ in
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Figure 1. Illustration of the Lagrangian intersection considered
in Example 1.1. Values of the dimension ξ2 relate to the shading
of the displayed surfaces. The intersection point is isolated and
denoted as a black dot.

an isolated point z′. Let f be the function germ assigned to the problem z ∈ X ∩Λ
and f ′ be the function germ assigned to the problem z′ ∈ X ′∩Λ′. The germs f and
f ′ are stably right equivalent1 if and only if there exists a local symplectomorphism
Φ mapping an open neighbourhood U of z to an open neighbourhood U ′ of z′ with

Φ(z) = z′, Φ(X ∩ U) = X ′ ∩ U ′, Φ(Λ ∩ U) = Λ′ ∩ U ′.

In other words (notions will be made precise later):

Theorem 1.3. There exists a 1-1 correspondence between Lagrangian contact prob-
lems modulo stably contact equivalence and smooth real-valued function germs up
to stably right equivalence.

Example 1.1. Consider the symplectic manifold Z = (R4,Ω = dx1∧dξ1+dx2∧dξ2).
The Lagrangian submanifolds

X = {(x1, x2, ξ1, ξ2) |x1 = 0, x2 = 0}, Λ = {(x1, x2, ξ1, ξ2) | ξ1 = x2
1, ξ2 = x2}

have an isolated intersection point z = (0, 0, 0, 0) (see Figure 1).
We associate a function f whose germ at zero characterises the type of in-

tersection up to symplectomorphisms as follows: let T ∗X denote the cotangent
bundle over X with the canonical symplectic structure and Darboux coordinates
q1, q2, p1, p2. The map Ψ: Z → T ∗X with coordinate expression (q1, q2, p1, p2) =
Ψ(x1, x2, ξ1, ξ2) = (x1, x2, ξ1, ξ2) is a symplectomorphism such that Ψ(X) is the
zero section of T ∗X and Ψ(Λ) = {(q1, q2, p1, p2) | p1 = (q1)2, p2 = q2} is the graph
of the section df : X → T ∗X for f : X → R with f(q1, q2) = 1

3 (q1)3 + 1
2 (q2)2.

The germ at (q1, q2) = (0, 0) of the function f characterises the type of intersec-
tion of X and Λ in z. However, f depends on the identification of Z with T ∗X, i.e.
on the choice of a cotangent bundle structure: consider the symplectomorphism
Ψ′ : Z → T ∗X with coordinate expression (q1, q2, p1, p2) = Ψ′(x1, x2, ξ1, ξ2) =
(x1, x2 − 2ξ2, ξ1, ξ2). Again, Ψ′(X) is the zero section of T ∗X. However, Ψ′(Λ) =
{(q1, q2, p1, p2) | p1 = (q1)2, p2 = −q2} is the graph of the section df ′ : X → T ∗X
for f ′ : X → R with f ′(q1, q2) = 1

3 (q1)3 − 1
2 (q2)2.

1Two function germs are stably right equivalent if they become right equivalent after adding
nondegenerate quadratic forms in new variables (see Definition 2.3).
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The germs of f and f ′ cannot be right equivalent since their quadratic parts
have different signatures. However, they are stably right equivalent2 and, as we
will show, the stably right-equivalence class of the germ of f characterises this type
of intersection exactly up to symplectomorphisms. 4

The example illustrates the challenge of ill-defined quadratic parts of function
germs which characterise the intersection. The problem is not visible in the case of
tangential Lagrangian intersections in a symplectic manifold or when the ambient
symplectic manifold is a cotangent bundle already such that no identification needs
to be chosen.

Theorems 1.2 and 1.3 overcome the following issues which occur when trying to
reverse Theorem 1.1.

• The Lagrangian manifold df(U) from Theorem 1.1 intersects the zero-
section of U ⊂ T ∗U tangentially at 0. Golubitsky and Guillemin’s proof
of the only if direction fails when the intersection of U with df(U) is not
tangential. Indeed, the equivalence relation right equivalence considered
in [9] needs to be relaxed to stably right equivalence when non-tangential
intersections are allowed.
• Let X,Λ be Lagrangian submanifolds of a symplectic manifold Z such that

Λ intersects X in an isolated point z. After shrinking all manifolds around
z, if necessary, there are many ways of mapping Z symplectically to a
neighbourhood of the zero-section X ⊂ T ∗X. We will refer to a particular
choice of such an identification as a choice of a cotangent bundle structure.

– In the tangential case, Λ will be transversal to the fibres of any cotan-
gent bundle structure. This is not true anymore in the non-tangential
case but we will show that suitable cotangent bundle structures always
exists such that Λ is the image of a section df in the bundle T ∗X → X.

– The function f is not defined independently of the auxiliary cotangent
bundle structure but we will show that its stably right equivalence
class is well-defined.

The results may be compared with the correspondence of embeddings of a La-
grangian submanifold into a cotangent bundle with catastrophe theory [4] or other
classifications such as Lagrangian singularities in [2], where the bundle structure
is fixed. There, singularities occur because Lagrangian submanifolds fail to be
projectable and intersect non-transversally with fibres. In contrast, in this paper
cotangent bundle structures are just of an auxiliary nature.

Furthermore, we provide a parameter-dependent version of the results and re-
late families of intersecting Lagrangian manifolds to unfoldings of singular function
germs.

Theorem 1.4. There exists a 1-1 correspondence between parameter-dependent
Lagrangian contact problems up to stably right equivalence and unfoldings of smooth,
real-valued function germs up to stably right equivalence as unfoldings.

This allows transporting the highly-developed notions and algebraic framework
of catastrophe theory to Lagrangian contact problems and bifurcations of La-
grangian intersection problems. As a corollary, classification results for singularities
apply to Lagrangian contact problems. Figure 2 shows illustrations of the normal

2See footnote 1.



LAGRANGIAN INTERSECTIONS AND CATASTROPHES 5

Figure 2. Illustrations of the normal forms of versal unfoldings
of all singularities (catastrophes) whose versal unfoldings need no
more than three parameters. From left to right these are fold (A2),
cusp (A3), and swallowtail (A4) in the first row and hyperbolic
umbilic (D+

4 ) and elliptic umbilic (D−4 ) in the second row. For
A2 and A3 we plot the critical set of their normal forms x 7→
x3 + µ1x and x 7→ x4 + µ2x

2 + µ1x over the parameter space. For
the remaining catastrophes we plot a projection of the degenerate
critical points of their normal forms x 7→ x5 + µ3x

3 + µ2x
2 + µ1x

and (x, y) 7→ x3 ± xy2 + µ3(x2 ∓ y2) + µ2y+ µ1x to the parameter
space [1]. For animations see [25].

forms of versal unfoldings of all singularities whose versal unfoldings need at most
three parameters. The type of intersection in Example 1.1 corresponds to the fold
catastrophe (A2).

The remainder of the paper is structured as follows. In Section 2 we first review
some of Golubitsky and Guillemin’s results and then prove that not necessarily
tangential Lagrangian contact problems in arbitrary symplectic manifolds up to
contact equivalence correspond to function germs up to stably right equivalence. In
Section 3 we extend the identification results of Section 2 to families of Lagrangian
contact problems. In Section 4 we conclude the Theorems 1.3 and 1.4 and show an
application to boundary value problems for symplectic maps.

2. Lagrangian contact problems and catastrophe theory

Let us introduce the notion of Lagrangian contact problems and review some
definitions based on [9, 19].

Definition 2.1 (Lagrangian contact problem). Let X, Λ be two Lagrangian sub-
manifolds of a symplectic manifold Z intersecting in an isolated point z ∈ Λ ∩X.
Then (X,Λ, z) is called a Lagrangian contact problem (in Z). We say Λ has contact
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with X in z. In the special case where X and Λ are tangential at z the problem
(X,Λ, z) is called a tangential Lagrangian contact problem. 4
Definition 2.2 (contact equivalence of Lagrangian contact problems). Let (X,Λ, z)
and (X ′,Λ′, z′) be two Lagrangian contact problems in Z and Z ′, respectively. We
say that (X,Λ, z) and (X ′,Λ′, z′) are contact equivalent or Λ has the same contact
with X at z as Λ′ has contact with X ′ at z′ if there exist open neighbourhoods
U ⊂ Z of z and U ′ ⊂ Z ′ of z′ and a symplectic diffeomorphism Φ: U → U ′ such
that

Φ(z) = z′, Φ(X ∩ U) = X ′ ∩ U ′, Φ(Λ ∩ U) = Λ′ ∩ U ′. 4
Definition 2.3 (stably right equivalence of function germs). Two germs of smooth
functions f : (Rk, 0)→ (R, 0), x 7→ f(x) and g : (Rl, 0)→ (R, 0), y 7→ g(y) are stably
right equivalent if there exist nondegenerate quadratic forms QF (u) and QG(v) such
that the germs at 0 of F (x, u) := f(x) + QF (u) and G(y, v) := g(y) + QG(v) are
right equivalent. 4

Stably right equivalence constitutes an equivalence relation on the set of germs of
smooth functions f : (Rk, 0) → (R, 0), k ∈ N0. Each stably right equivalence class
[g] has a representative g, which is the germ of a smooth function g : (Rk0 , 0) →
(R, 0) such that k0 is minimal. The germ g and the function g are called fully
reduced.

Theorem 2.1. Two germs of fully reduced smooth functions f : (Rk, 0) → (R, 0)
and g : (Rk, 0) → (R, 0) are stably right equivalent if and only if the germs of f
and g are right equivalent.

Proof. The statement follows from [30]. �

Remark 2.1 (Warning). Contact equivalence for Lagrangian contact problems is
not to be confused with Mather’s notion of contact equivalence for function germs
which is related to the contact of a smooth manifold with a zero section of a smooth
bundle (i.e. without symplectic structure) [19]. 4
Definition 2.4 (cotangent bundle structure and projection). Let X be a La-
grangian submanifold of a symplectic manifold Z. A symplectomorphism Φ from
an open neighbourhood U ⊂ Z with X ⊂ U to a tubular neighbourhood of the zero
section of π : T ∗X → X is called a cotangent bundle structure for Z over X. It is
required that π ◦ Φ ◦ ι is the identity map on X, where ι : X ↪→ U is the natural
inclusion. The map π ◦ Φ is called the cotangent bundle projection with respect to
the structure Φ. 4
Remark 2.2. The existence of cotangent bundle structures (for a sufficiently small
neighbourhoods U of X) is guaranteed by Weinstein’s generalisation of Darboux’s
theorem, see, for instance, [13, Thm. 15.3]. Notice that, in comparison to the exis-
tence of local Darboux coordinates, Weinstein’s generalisation has a global character
since X does not need to be shrunk for cotangent bundle structures to exist. As
all considerations in this paper are local, the globality is only exploited for nota-
tional convenience in this context. Moreover, we may refer to a function germ and
a representative with the same symbol where a differentiation is not essential. 4
Remark 2.3. Cotangent bundle structures for a symplectic manifold Z over a La-
grangian submanifold X correspond to completely integrable Lagrangian subbun-
dles of the tangent bundle TZ transverse to X. (See [13] for details.) Moreover,
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cotangent bundle structures are in 1 to 1 correspondence with 1-forms defined
on neighbourhoods of X whose zero-set is X and whose exterior derivative is the
symplectic structure. The cotangent bundle structure Φ: U → V , where U is an
open neighbourhood of X and V is an open neighbourhood of the zero section of
T ∗X, associated to such a 1-form α is such that Φ∗λ = α [9, 13], where λ is the
canonical/tautological 1-form of T ∗X. 4

For reference, let us recall some of Golubitsky and Guillemin’s results and provide
proofs for the cases where we would like to use the statement in a more general
setting than in the original paper.

Lemma 2.2 ([9, Lemma 3.1]). Let X be a Lagrangian submanifold of a symplectic
manifold Z. Let x1, . . . , xn be local coordinates on X centred at z. Consider two
cotangent bundle structures Φα and Φβ on Z over X around z. Let ξ1, . . . , ξn be the
conjugate momenta to x1, . . . , xn with respect to the first structure. Let λ denote
the canonical 1-form on T ∗X, α := (Φα)∗λ, β := (Φβ)∗λ. The closed 1-form β −α
can locally be written as dH with

(2.1) H(x, ξ) =

n∑
i,j=1

hij(x, ξ)ξiξj .

If the Lagrangian submanifold Λ ⊂ Z is the image of a section dφα with respect
to the Φα-structure as well as the image of a section dφβ with respect to the Φβ-
structure then

(2.2) (φβ ◦ kαβ)(x) = φα(x) +H(x,∇φα(x)) + const.,

where kαβ is the diffeomorphism kαβ = πβ ◦ (πα|Λ)−1. Here πα and πβ are the
projections corresponding to Φα and Φβ, respectively.

Proof. The 1-forms α and β are primitives of the symplectic form on Z. Moreover,
α|z = 0 if and only if z ∈ X. Analogously for β. Therefore, β−α is closed and has
a local primitive H on an open neighbourhood of z. The primitive must be of the
form (2.1): in local coordinates we have

α =
∑
j

ξjdxj , β =
∑
j

(bjdxj + cjdξj), dH =
∑
j

(
∂H

∂xj
dxj +

∂H

∂ξj
dξj

)
.

Now

(2.3)
∑
j

((ξj − bj)dxj + cjdξj) = α− β = −dH = −
∑
j

(
∂H

∂xj
dxj +

∂H

∂ξj
dξj

)
.

Setting ξ = 0 in (2.3) and using cj(x, 0) ≡ 0 (which follows from β|(x,ξ)=(x,0) = 0)

we deduce that ∂H
∂ξj

(x, 0) ≡ 0. By Taylor’s theorem there exists a primitive of the

form (2.1).
Let ι : Λ ↪→ Z denote the embedding of Λ into Z. The 1-forms ι∗α and ι∗β are

closed since Λ is Lagrangian. Locally around a point of interest ι∗α and ι∗β have
primitives which we denote by ϕα and ϕβ , respectively. Due to ι∗β− ι∗α = d(H ◦ ι)
we have

(2.4) ϕβ = ϕα +H ◦ ι+ const.

on Λ. Moreover, φα = ϕα ◦ (πα|Λ)−1 + const and φβ = ϕβ ◦ (πβ |Λ)−1 + const.
Expressing relation (2.4) in the canonical coordinates (x, ξ) of the α-cotangent
bundle structure yields (2.2). �
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Remark 2.4. If the manifolds X and Λ intersect nontrivially and x1, . . . , xn are
centred coordinates at an intersection point of Λ and X then the constant in (2.2)
vanishes if we choose φα(0) = φβ(0). However, in view of the parameter-dependent
setting in Section 3 it is convenient not to restrict to this case for the formulation
of Lemma 2.2. 4

The following lemma corresponds to [9, Prop.4.2] which is a result by Tougeron
[27, p.209] and is also contained in [31, Appendix].

Lemma 2.3. Let

H(x, ξ) =

n∑
i,j=1

hij(x, ξ)ξiξj

be defined on an open neighbourhood of the origin in Rn × Rn. Consider a real
valued map φ defined on an open neighbourhood of 0 in Rn such that φ(0) = 0,
∇φ(0) = 0, Hessφ(0) = 0. The map

(2.5) ψ(x) = φ(x) +H(x,∇φ(x))

is right equivalent to φ on a neighbourhood of the origin in Rn and the right equiv-
alence fixes the origin.

Proof. To simplify notation, we set

H(x) = H(x,∇φ(x)), hij(x) = hij(x,∇φ(x)).

We prove the assertion using the homotopy method: define

(2.6) ψt(x) = φ(x) + tH(x).

We seek a family of local diffeomorphisms ft fixing 0 such that

(2.7) ψt ◦ ft = φ.

Differentiating (2.7) with respect to t we find

d

dt
(ψt) ◦ ft +

〈
∇ψt ◦ ft,

d

dt
ft

〉
= 0.

Here, 〈·, ·〉 denotes the scalar product in Rn. An evaluation at f−1
t (x) yields

(2.8)
d

dt
ψt + 〈∇ψt, w(x, t)〉 = 0

with

(2.9) w(x, t) =
d

dt
(ft)(f

−1
t (x)).

The relation (2.8) is an implicit expression for w in terms of the given function
ψt and its derivatives. We will show that (2.8) can be solved for w such that w(x, t)
is defined around x = 0 and w(0, t) = 0. Then there exists an open neighbourhood
U ⊂ Rn of 0 such that the initial value problem

(2.10)
d

dt
ft(x) = w(ft(x), t), f0(x) = x

can be solved for all x ∈ U on the interval t ∈ [0, 1]. The obtained family of
functions ft fulfils d

dt (ψt ◦ ft) = 0 with f0 = id and, therefore, (2.7). Moreover,
ft(0) ≡ 0 so that f1 is the required right equivalence.
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We now show that for x near 0 expression (2.8) is solvable for w such that
w(0, t) = 0. Differentiating (2.6) with respect to x yields

∂ψt
∂xl

=
∂φ

∂xl
+ t
∑
i,j

(
∂hij
∂xl

∂φ

∂xi

∂φ

∂xj
+ 2hij

∂2φ

∂xi∂xl

∂φ

∂xj

)

=
∑
j

(
δlj + t

∑
i

(
∂hij
∂xl

∂φ

∂xi
+ 2hij

∂2φ

∂xi∂xl

))
︸ ︷︷ ︸

=:Blj(t,x)

∂φ

∂xj

(2.11)

The maps Blj(t, x) form a matrix B with B(t, 0) = Id. Therefore, there exists a
neighbourhood of x = 0 such that B is invertible for all t ∈ [0, 1]. We have

(2.12) ∇φ = B−1∇ψt.

The functions hij constitute a matrix which we denote by H. Differentiating (2.6)
with respect to t and using (2.12) we get

d

dt
ψt = ∇φ>H∇φ (2.12)

= ∇ψ>t B−>H∇φ︸ ︷︷ ︸
=:−w

,

where B−> = (B−1)>. Now w(0, t) = 0 and w solves (2.8). This completes the
proof. �

The Lemmas 2.2 and 2.3 imply the following proposition.

Proposition 2.4. Let (X,Λ, z) be a tangential Lagrangian contact problem in Z.
Consider two cotangent bundle structures over X near z such that Λ is the image
of the section dφα and dφβ with φα(z) = 0 = φβ(z). Then φα and φβ are right
equivalent.

Remark 2.5. As X and Λ are tangential at z, for any cotangent bundle structure
the submanifold Λ is the image of a section of the cotangent bundle locally around
the point of contact. This is not true for general Lagrangian contact problems. 4

Theorem 2.5. Let (X,Λ, z) and (X,Λ′, z) be two tangential Lagrangian contact
problems in Z. For any cotangent bundle structure over X near z such that Λ is
the image of the section dφ and Λ′ the image of dφ′ with φ(z) = 0 = φ′(z), the
function germs φ and φ′ are right equivalent if and only if the tangential Lagrangian
intersection problems are contact equivalent.

Proof. In the following, we may shrink Z,X,Λ,Λ′ repeatedly to intersections with
open neighbourhoods of z without mentioning. Assume φ = φ′ ◦ r for a right
equivalence r such that r fixes z. Its cotangent lifted map3 R fixes X and

R(dφ′|x) = dφ′|x ◦ dr|r−1(x) = d(φ′ ◦ r)|r−1(x) = dφ|r−1(x), x ∈ X.
Therefore, the symplectic diffeomorphism R maps Λ′ to Λ and, thus, provides a
contact equivalence between (X,Λ, z) and (X,Λ′, z).

Now assume there exists a symplectic diffeomorphism with Φ(X) = X, Φ(z) = z
and Φ(Λ) = Λ′. Choose a cotangent bundle structure with projection denoted by
π : Z → X such that Λ is the image of the section dφ and Λ′ the image of the section

3The cotangent lift Ψ: T ∗X′ → T ∗X of a diffeomorphism ψ : X → X′ is defined as Ψ(α′) =
α′ ◦ dψ|ψ−1(π′(α′)), where π′ : T ∗X′ → X′ is the bundle projection (see [18, §6.3]).
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Z Z

T ∗X

X

Φ

Ψ

π

Ψ′

π′

Figure 3. Illustration to the second part of the proof of Theo-
rem 2.5. Z has two cotangent bundle structures given by Ψ and
Ψ′ = Ψ ◦ Φ−1. The image in T ∗X of the section dφ is identified
with Λ ⊂ Z if the bundle structure Ψ is used and is identified with
Λ′ ⊂ Z if the structure Ψ′ is used.

dφ′ around z with φ(z) = 0 = φ′(z). Using Φ we can obtain a new cotangent bundle
structure with bundle projection π′ : Z → X such that π′ = π◦Φ−1. The map Φ◦dφ
maps X onto Λ′ and is a section of π′ : Z → X. This means Λ′ can be represented
by dφ in the new structure. The situation is illustrated in Figure 3. Therefore, by
Proposition 2.4, the function germs φ and φ′ must be right equivalent. �

Remark 2.6. The hypothesis that Λ and Λ′ are tangential to X is used in two ways
in the proof of Theorem 2.5: while it is convenient that in any contangent bundle
structure Λ and Λ′ are locally around their point of contact images of sections (see
Remark 2.5), more importantly the hypothesis is needed to apply Proposition 2.4
which, as it relies on Lemma 2.3, needs that the 2-jets of φ and φ′ vanish at the
point of contact. 4

We recall the well-known parametric Morse Lemma or Splitting Lemma and
establish some notation.

Lemma 2.6 (parametric Morse lemma). Let φ : (Rn, 0) → (R, 0) be a function
germ with critical point at the origin 0. Consider the decomposition Rn = X ⊕X
for two linear subspaces X and X such that the Hessian matrix B of the restriction
φ|X : (X, 0) → (R, 0) is invertible. There exists a change of coordinates K on a
neighbourhood of 0 ∈ Rn of the form K(x, x) = (x, κ(x, x)) with K(0, 0) = (0, 0)
such that

(φ ◦K)(x, x) = f(x) + x>Bx.

If we choose the dimension of X to be maximal with respect to the property that
φ|X is invertible4 then the 2-jet of f vanishes.

A proof is given in [5, §14.12] or in [28, Lemma 5.12]. A fibred version including
uniqueness results can be found in [30].

We leave the setting of tangential Lagrangian contact problems and extend
Proposition 2.4: a function germ assigned to a (not necessarily tangential) La-
grangian intersection problem using any cotangent bundle structure for which the
intersection problem is graphical is well-defined up to stably right equivalence. For
this we first prove the following lemma.

4We can choose dimX to be the rank of the Hessian matrix of φ at 0
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Lemma 2.7. On Rn = X ⊕X consider

• coordinates x = (x, x) = ((x1, . . . , xk), (xk+1, . . . , xn)),
• a nondegenerate symmetric matrix Q ∈ R(n−k)×(n−k),
• a function g : Rk → R whose 2-jet vanishes at 0,
• and a matrix valued function H : Rn → Sym(n) with

H(x) = (hij(x))i,j=1,...,n =

(
H11(x) H12(x)
H12(x)> 0

)
∈ Sym(n) ⊂ Rn×n

for H11(x) ∈ Sym(k) and H12(x) ∈ Rk×(n−k).

For t ∈ R let

ψ(x) = g(x) + x>Qx

ψt(x) = g(x) + x>Qx+ t(∇ψ(x)>H(x)∇ψ(x)).

Then ψt is right equivalent to ψ = ψ0 around x = 0 and the right equivalence fixes
x = 0.

Proof. Motivated by the proof of Lemma 2.3 we define the components Blj(t, x) of
a matrix B(t, x) ∈ Rn×n as

Blj = δlj + t
∑
i

(
∂hij
∂xl

∂ψ

∂xi
+ 2hij

∂2ψ

∂xi∂xl

)
.

We have

(2.13) B(t, 0) = Idn + 2tHessψ(0)H(0) =

(
Idk 0

4tQH12(0)> Idn−k,

)
which is invertible for all t. Using the same calculation as in (2.11) we obtain

∇ψt(x) = B(t, x)∇ψ(x).

Therefore,

(2.14)
d

dt
ψt = ∇ψ>H∇ψ = ∇ψ>t B−TH∇ψ︸ ︷︷ ︸

=:−ω

= −〈∇ψt, ω〉.

There exists a neighbourhood U of 0 ∈ Rn such that the initial value problem

d

dt
ft(x) = ω(ft(x), t), f0(x) = x

is solvable for all x ∈ U and all t ∈ [0, 1]. Since ω(0, t) = 0 we have ft(0) = 0 and

d

dt
(ψt ◦ ft) =

d

dt
(ψt) ◦ ft +

〈
∇ψt ◦ ft,

d

dt
ft

〉
=

d

dt
(ψt) ◦ ft + 〈∇ψt, ω〉 ◦ ft

(2.14)
= 0.

Since f0 = idU we have

ψt ◦ ft = ψ0 ◦ f0 = ψ

and ft is the required right equivalence. �
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Proposition 2.8. Let (X,Λ, z) be a Lagrangian contact problem in Z. After
shrinking Z to a sufficiently small open neighbourhood of z, consider two cotan-
gent bundle structures over X with projections πα : Z → X, πβ : Z → X such
that Λ is given as the image of the section dφα and dφβ, respectively, whereas
φα(z) = 0 = φβ(z). Then the germs of φα and φβ at z are stably right equivalent.

Proof. By the parametric Morse Lemma (Lemma 2.6) there exist coordinates x =
(x, x) = ((x1, . . . , xk), (xk+1, . . . , xn)) on X centred at z such that

φα(x) = f(x) + x>Bx

for a smooth function germ f with vanishing 2-jet at x = 0 and an invertible
symmetric matrix B. The function φα is stably right equivalent to f . By Lemma 2.2
we have

(2.15) φβ ◦ kαβ = φα +H(x,∇φα),

for a function

H(x, ξ) =

n∑
i,j=1

hij(x, ξ)ξiξj = ξ>
(
H11(x, ξ) H12(x, ξ)
H12(x, ξ)> H22(x, ξ)

)
ξ

with matrices H11(x, ξ) ∈ Sym(k), H22(x, ξ) ∈ Sym(n − k), and H12(x, ξ) ∈
Rk×(n−k) and with kαβ = πβ ◦ (πα|Λ)−1. For i, j ∈ {1, 2} define

H(x) := H(x, x) := H(x,∇φα(x)), Hij(x) := Hij(x, x) := Hij(x,∇φα(x)).

Therefore,

H(x) = ∇xf(x)>H11(x)∇xf(x) + 4x>BH12(x)>∇xf(x) + 4x>BH22(x)Bx.

We calculate

φβ(kαβ(x, x))
(2.15)

= φα(x, x) +H(x)

= f(x) + x>(B + 4BH22(x)B)x

+∇xf(x)>H11(x)∇xf(x) + 4x>BH12(x)>∇xf(x).

(2.16)

Let us define
B′(x) = B + 4BH22(x)B.

The kernel of Hess (φα) and the kernel of Hess (φβ) at (x, x) = (0, 0) both describe
the intersection TzX ∩ TzΛ (but in different coordinates). Indeed, the kernel of
Hess (φβ ◦ kαβ) must coincide with the kernel of Hess (φα) which is X = {x = 0}.
We calculate the Hessian matrix of φβ ◦ kαβ at (x, x) = (0, 0) using (2.16) and
obtain

Hess (φβ ◦ kαβ)(0, 0) =

(
0 0
0 2B′(0)

)
.

Since Λ is graphical in both cotangent bundle structures, i.e. a restriction of the
bundle projections to Λ yields a diffeomorphism between Λ and π(Λ) around z,
B′(0) must be invertible by a dimension argument. The function φα is stably right
equivalent to

φα1 (x) := f(x) + x>B′(0)x.

For x in a sufficiently small neighbourhood of 0 the signature of B′(x) is constant.
By Sylvester’s law of inertia, there exists a smooth family of invertible matrices
A(x) such that

(2.17) A(x)−TB′(x)A−1(x) = B′(0)



LAGRANGIAN INTERSECTIONS AND CATASTROPHES 13

for all x near 0. Consider
r(x, x) = (x,A(x)x).

The map r fixes x = 0 and is a diffeomorphism on a neighbourhood of x = 0: the
Jacobian matrix of r is given by the block matrix

Dr(x) =

(
Idk 0

(∂A(x))l=1,...,k (∂A(x))l=k+1,...,n +A(x)

)
,

where (∂A(x))l=1,...,k denotes the first k columns and (∂A(x))l=k+1,...,n the remain-
ing n− k columns of an (n− k)× n matrix ∂A(x) whose l-th column is given as

(∂A(x))l =
∂A

∂xl
(x)x,

where the derivative ∂A
∂xl

is taken component-wise. Now the determinant of Dr(0)
coincides with the determinant of A(0) which is non-zero, so r is indeed a right
equivalence.

Let us define

H̃11(x) := H11(r−1(x))

H̃12(x) := H12(r−1(x))BA(r−1(x))−1B′(0)−1
(2.18)

By Lemma 2.7 the function φα1 is right equivalent to

φα2 (x) := f(x) + x>B′(0)x

+∇xf(x)>H̃11(x)∇xf(x) + 4x>B′(0)H̃12(x)>∇xf(x).

We have

(φα2 ◦ r)(x) = f(x) + x>A(x)>B′(0)A(x)x+∇xf(x)>H̃11(r(x))∇xf(x)

+ 4x>A(x)>B′(0)H̃12(r(x))>∇xf(x).
(2.19)

Comparing (2.19) with (2.16) shows that the function φα2 ◦r coincides with φβ ◦kαβ .
Thus, the functions φα and φβ are stably right equivalent. �

Remark 2.7. We see from the proof of Proposition 2.8 that if the intersection of Λ
and X is not tangential then the dimension of X is greater than 0 and there exist
two cotangent bundle structures such that φα and φβ are stably right equivalent
but not right equivalent. Example 1.1 is an instance of this phenomenon. In the
general case, to a cotangent bundle structure over X defined5 by a canonical 1-form
α for which Λ is graphical choose another cotangent bundle structure β = α+ dH
with

H(x, ξ) = ξ>
(

0 0
0 1

4 (B−1DB−1 −B−1)

)
ξ,

where D is an invertible symmetric matrix which has a different signature than
B. As in the proof of Proposition 2.8, the coordinates (x, ξ) refer to Darboux
coordinates with respect to the α-structure. We get B′ = D which is invertible
such that Λ is graphical for the cotangent bundle structure defined by β. However,
the signatures of Hessφα(0) and Hessφβ(0) do not coincide. 4

For a Lagrangian contact problem (X,Λ, z) in a symplectic manifold Z. There
is always a contangent bundle structure π : Z → X such that Λ is graphical, i.e.
the image of a smooth section of π : Z → X locally around z.

5Recall from Remark 2.3 that suitable 1-forms define cotangent bundle structures.
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Lemma 2.9 (Existence of generic cotangent bundle structures). Let Z be a sym-
plectic manifold with a Lagrangian submanifold X, an isotropic submanifold Λ and
a point z ∈ X ∩ Λ. Shrinking Z around z, if necessary, there exists a projec-
tion π : Z → X with Lagrangian fibres transversal to X such that the restriction
π|Λ : Λ→ π(Λ) is a diffeomorphism. In other words Λ is graphical for π.

Proof. The proof is similar to [20, Lemma 2.1]. Let n = dimX, k = dim Λ,
n1 = dim(TzX ∩TzΛ) and n2 = k−n1. Let q1, . . . , qn be coordinates on X centred
at z. Extend these to Darboux coordinates q1, . . . , qn, p1, . . . , pn on Z centred at z.

This induces coordinates ∂
∂q1

∣∣∣
z
, . . . , ∂

∂qn

∣∣∣
z
, ∂
∂p1

∣∣∣
z
, . . . , ∂

∂pn

∣∣∣
z

on the tangent space

TzZ of which TzX is a linear subspace. The manifold X can be identified with
a neighbourhood of 0 of TzX. By the classification of pairs of coisotropic6 linear
subspaces [16, 15], there exists a linear, symplectic change of coordinates L of the
coordinates on TzZ such that TzX and TzΛ are represented by the column-span of
the following two matrices In

0n×n

 ,

 In1
0n1×n2

0(2n−k)×n1
0(2n−k)×n2

0n2×n1
In2

 ,

respectively, where Is denotes an identity matrix of dimension s×s and 0s×t a zero
matrix of dimension s×t for s, t ∈ N . Consider the linear symplectic transformation
M defined by

M :=

(
In In

0n×n In

)
.

Applying a further symplectic change of coordinates using M−1 on TzZ, the lin-
ear spaces TzX and TzΛ are represented by the column-span of the following two
matrices 

In

0n×n

 ,


In1 0n1×n2

0(n−k)×n1
0(n−k)×n2

0n2×n1
In2

0(n−n2)×n1
0(n−n2)×n2

0n2×n1
In2

 ,

respectively. The linear symplectic change of coordinates M−1 ◦ L can be ap-
plied to the coordinates q1, . . . , qn, p1, . . . , pn which will lead to a change of coor-

dinates M−1 ◦ L on ∂
∂q1

∣∣∣
z
, . . . , ∂

∂qn

∣∣∣
z
, ∂
∂p1

∣∣∣
z
, . . . , ∂

∂pn

∣∣∣
z
. Let us shrink Z and all

submanifolds to the considered coordinate neighbourhood. Since a neighbourhood
of 0 ∈ TzX is identified with X, the space X is given as {(q, p)|p = 0}. Now we can
define π : Z → X to be the projection π(q, p) = q which, after shrinking Z further
around z, if necessary, fulfills all claimed properties. �

Definition 2.5 ((fully reduced) generating function). Let (X,Λ, z) be a Lagrangian
contact problem in Z. Consider a cotangent bundle structure such that Λ is given
as the image of the section dφ locally around z ∈ Z with φ(z) = 0. We re-
fer to φ, to the germ of φ at z, and to (the germ at 0 of) a coordinate expres-
sion of φ with centred coordinates at z as a generating function of (X,Λ, z). By

6The normal forms used in this context are derived by passing to the symplectic complements
in the normal forms given in [16, p. 16].
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the parametric Morse Lemma (Lemma 2.6) there exist coordinates x = (x, x) =
((x1, . . . , xk), (xk+1, . . . , xn)) on X centred at z such that

φ(x) = f(x) + x>Bx

for a smooth function germ f with vanishing 2-jet and an invertible matrix B. The
function germ f is called a fully reduced generating function of (X,Λ, z). 4

Now Proposition 2.8 can be phrased as follows.

Corollary 2.10. Generating functions of Lagrangian contact problems are defined
up to stably right equivalence.

Using Theorem 2.1 we obtain the following corollary.

Corollary 2.11. Fully reduced generating functions of Lagrangian contact problems
are defined up to right equivalence.

In the following we will prove a reverse direction to the above corollaries and
show that Lagrangian contact problems with stably right equivalent generating
functions are contact equivalent. In other words, the stably right equivalence class
of the generating function of a contact problem encodes geometric information
about the local intersection problem. We prepare the proof with two lemmas.

Lemma 2.12. Let ψ : X → X ′ denote a diffeomorphism and Ψ: T ∗X ′ → T ∗X its
cotangent lifted map7. Consider smooth functions φ : X → R and φ′ : X ′ → R and
define Λ = dφ(X) and Λ′ = dφ′(X ′). If Ψ(Λ′) = Λ then φ = φ′ ◦ ψ + const.

Proof. For x′ ∈ X ′ the element Ψ(dφ′|x′) ∈ T ∗X has the base point ψ−1(x′). As
Ψ(dφ′|x′) ∈ Λ, we must have

dφ|ψ−1(x′) = Ψ(dφ′|x′) = dφ′|x′ ◦ dψ|ψ−1(x′) = d(φ′ ◦ ψ)|ψ−1(x′).

It follows that φ = φ′ ◦ ψ + const. �

Lemma 2.13. Consider a symplectic diffeomorphism Φ: Z → Z ′. Any generating
function of a Lagrangian contact problem (X,Λ, z) in Z is right equivalent to any
generating function of the Lagrangian contact problem (Φ(X),Φ(Λ),Φ(z)) in Z ′

when shrinking all involved manifolds to intersections with open neighbourhoods of
z ∈ Z or Φ(z) ∈ Z ′, if necessary.

Proof. Let φ be a generating function for (X,Λ, z). There exists a contangent
bundle structure defined by a 1-form λ such that dφ(X) = Λ (shrinking all involved
manifolds, if necessary). The 1-form λ′ = (Φ−1)∗λ defines a cotangent bundle
structure on Z ′ over Φ(X) around Φ(z). Consider φ′ : X ′ → R with φ′(Φ(z)) = 0
and dφ′(Φ(X)) = Φ(Λ). Since λ′ = (Φ−1)∗λ, Φ must coincide with the cotangent
lift of the map (Φ|X)−1 : Φ(X)→ X [18, §6.3]. By Lemma 2.12 we have φ = φ′◦Φ|X ,
whereas the constant vanishes due to the normalisation of φ and φ′. An application
of Proposition 2.8 completes the proof. �

We can now extend Theorem 2.5 to non-tangential Lagrangian contact problems.

Theorem 2.14. Two Lagrangian contact problems (X,Λ, z) in Z and (X ′,Λ′, z′)
in Z ′ with dimZ = dimZ ′ are contact equivalent if and only if their generating
functions are stably right equivalent.

7See footnote 3.
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Proof. In the following we may shrink Z, Z ′ and all embedded manifolds to their
intersections with open neighbourhoods of z or z′ repeatedly without mentioning.
By Lemma 2.13, any two generating functions of two contact equivalent contact
problems are stably right equivalent.

To prove the reverse direction, it is sufficient to consider Z ′ = Z, X ′ = X and
z′ = z. This is justified by the local nature of the problem and Lemma 2.13. Let
φ be a generating function of (X,Λ, z) and φ′ of (X,Λ′, z) and assume that the
function germs φ and φ′ are stably right equivalent. By Proposition 2.8, without
loss of generality we may assume that φ, φ′ refer to the same cotangent bundle
structure π : Z → X.

By the parametric Morse Lemma (Lemma 2.6) there exist coordinates (x, x) =

((x1, . . . , xk), (xk+1, . . . , xn)) and (x′, x′) = ((x′
1
, . . . , x′

k
), (x′

k+1
, . . . , x′

n
)) on X

centred at z, function germs f , f ′ with vanishing 2-jets at 0 and invertible, sym-
metric matrices B and B′ such that

φ(x, x) = f(x) + x>Bx

φ′(x′, x′) = f ′(x′) + x′
>
B′x′.

Let D be an invertible, symmetric, n−k-dimensional matrix such that the matrix
−B−1 +DB′D is invertible. Define the functions

φ(0)(x, x) = f ′(x) + x>B′x

φ(1)(x, x) = f(x) + x>B′x

φ(2)(x, x) = f(x) + x>BDB′DBx.

We now show that we can map Λ′ = dφ′(X) to dφ(0)(X), then to dφ(1)(X), then
to dφ(2)(X), and finally to Λ = dφ(X) with symplectic diffeomorphisms which fix
X and z.

• The change of coordinates between (x, x) and (x′, x′) induces a diffeomor-
phism χ locally defined around z ∈ X with χ(z) = z. The cotangent lift of
χ fixes z and provides a symplectomorphism Φ(0) between Λ′ and dφ(0)(X)
on an open neighbourhood of z in Z.
• Since φ and φ′ are stably right equivalent, there exists a right equivalence
r such that f = f ′ ◦ r (Theorem 2.1). Define r̃(x, x) = (r(x), x) and denote
the cotangent lift of r̃ by Φ(1). Now Φ(1) maps dφ(0)(X) to a manifold
which coincides with dφ(1)(X) on an open neighbourhood of z: indeed,
denote π(x) = x, π(x) = x. There exist appropriate choices of open neigh-

bourhoods V ′ ⊂ Z of z, Ṽ ⊂ X of z, and U,U ′ ⊂ Rn of 0 such that

Φ(1)(Λ′ ∩ V ′) = Φ(1)
({

d(f ′ ◦ π + π>B′π)|(x,x) | (x, x) ∈ U ′
})

=
({

d(f ◦ π + π>B′π)|(r−1(x),x) | (x, x) ∈ U ′
})

=
({

d(f ◦ π + π>B′π)|(x,x) | (x, x) ∈ U
})

= dφ(1)(X ∩ Ṽ ).

• Denote the cotangent lift of the map (x, x) 7→ (x,DBx) by Φ(2). The
symplectomorphism Φ(2) ◦Φ(1) maps Λ′ to a manifold which coincides with
dφ(2)(X) on a neighbourhood of z.
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• It remains to show that there exists a symplectomorphism mapping dφ(2)(X)
to Λ which fixes X and z. Let λ denote the canonical 1-form of the cotan-
gent bundle structure for which π : Z → X is the projection. We define
another cotangent bundle structure over X by setting its canonical 1-form
to λ′ = λ+ dH with

H(x, ξ) = ξ>
(

0 0
0 1

4 (−B−1 +DB′D)

)
ξ.

The manifold Λ is graphical with respect to the cotangent bundle structure
defined by λ′ by the choice of D. Let φλ

′
denote the generating function of

Λ with respect to the new structure λ′. Applying Lemma 2.2 we get

(φλ
′
◦ k)(x, x) = f(x) + x>BDB′DBx

for a diffeomorphism k on X. The cotangent lifted map K of k via the λ-
structure maps dφλ

′ |x to d(φλ
′ ◦ k)|k−1(x) = d(φ(2))|k−1(x) for each x ∈ X.

Therefore,

dφλ
′
(X) and (K−1 ◦ Φ(2) ◦ Φ(1))(Λ′)

coincide near z. Locally around z the symplectormorphism relating the
cotangent bundle structures λ and λ′ maps dφλ

′
(X) to Λ and fixes X and

z.

It follows that (X,Λ, z) and (X,Λ′, z) are contact-equivalent. �

Corollary 2.15. The local algebras8 of generating functions of contact equivalent
Lagrangian contact problems are isomorphic.

Rather than usingX as a zero section for a cotangent bundle structure to describe
the Lagrangian contact problem (X,Λ, z) in Z we can use any other Lagrangian
submanifold L ⊂ Z as a reference manifold as explained in the following proposition.
This gives us some flexibility when computing generating functions which we will
exploit in a parameter-dependent setting.

Proposition 2.16. Let (X,Λ, z) be a Lagrangian contact problem in the symplectic
manifold Z = T ∗L. Assume that X and Λ are graphical and given as the images
of dφX and dφΛ, for φX , φΛ : L → R with φX(π(z)) = φΛ(π(z)), where π : Z → L
is the bundle projection. The function

(2.20) φ = φΛ − φX

expressed in local coordinates on L centred at π(z) is stably right equivalent to any
generating function of (X,Λ, z).

Proof. Denote the canonical 1-form on Z = T ∗L by λ and the cotangent bundle
projection by π : Z → L. Consider the fibre preserving diffeomorphism

χ : Z → Z, z 7→ z − dφX |π(z).

We have
λ′ := χ∗λ = λ− d(φX ◦ π).

The 1-form λ′ on Z is a primitive of the symplectic structure dλ and vanishes
exactly at the points on X. By Remark 2.3, λ′ corresponds to a cotangent bundle
structure on Z over X with the same Lagrangian fibres as the original structure.

8See [2, 17, 28] for a definition and their significance for catastrophe theory.
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Let π′ : Z → X denote the cotangent bundle projection. In the following we may
localise the problem by intersecting L with open neighbourhoods of π(z) in L and
shrink Z = T ∗L and all embedded submanifolds accordingly repeatedly without
mentioning. A generating function for (X,Λ, z) with respect to the structure λ′

can be obtained as follows: let S′ : Λ → R be a primitive of the closed 1-form
ι∗Λλ
′ around z with S′(z) = 0, where ιΛ : Λ ↪→ Z is the inclusion. A generating

function for (X,Λ, z) with respect to λ′ is given as φ′ = S′ ◦ (π′ ◦ ιΛ)−1 : X → R.
An expression of φ′ in local coordinates on X centred at z is, therefore, right
equivalent to an expression of S′ in local coordinates on Λ centred at z.

To show that a coordinate expression of φ centred at π(z) ∈ L and a coordinate
expression of φ′ centred at z are right equivalent, it suffices to verify that the
pullback of dS′ to L via dφΛ : L→ Λ coincides with dφ. Here and in the following
calculation we neglect to differentiate between dφΛ : L → Λ and dφΛ : L → Z.
Indeed,

(dφΛ)∗(dS′) = (dφΛ)∗(ι∗Λλ
′) = (dφΛ)∗(χ∗λ) = (χ ◦ dφΛ)∗λ

= (dφΛ − dφX |π◦dφΛ)∗λ = (dφΛ − dφX)∗λ = dφ∗λ = dφ.

Since generating functions are well-defined up to stably right equivalence by
Corollary 2.10, this shows that φ expressed in local coordinates centred at π(z) is
stably right equivalent to any generating function of (X,Λ, z). �

3. Parameter dependent Lagrangian contact problems

Let us extend our analysis of Lagrangian contact problems to parameter de-
pendent problems. This will help us to deepen the relation of Lagrangian contact
problems with catastrophe theory.

A parameter dependent version of Lemma 2.7 holds true.

Lemma 3.1. On Rn = X⊕X consider coordinates x = (x, x) with x = (x1, . . . , xk)
and x = (xk+1, . . . , xn), a smooth family of nondegenerate symmetric matrices Qµ ∈
R(n−k)×(n−k), a smooth family of functions gµ defined on an open neighbourhood of
0 ∈ Rk such that the 2-jet of g0 vanishes at 0. Here µ ∈ I is the family parameter
and I is an open neighbourhood of 0 ∈ Rl. Moreover, consider a smooth family of
matrix valued functions Hµ : Rn → Sym(n) with

Hµ(x) = (hijµ (x))i,j=1,...,n =

(
H11
µ (x) H12

µ (x)

H12
µ
>

(x) 0

)
∈ Sym(n) ⊂ Rn×n.

for H11
µ (x) ∈ Sym(k) and H12

µ (x) ∈ Rk×(n−k). For t ∈ R let

ψ(µ, x) = gµ(x) + x>Qµx

ψt(µ, x) = gµ(x) + x>Qµx+ t∇ψ(µ, x)>Hµ(x)∇ψ(µ, x).

Then ψt is right equivalent to φ around (µ, x) = (0, 0). The right equivalence is
fibred, i.e. of the form (µ, x) 7→ (µ, rµ(x)), and fixes (µ, x) = (0, 0).

Proof. The proof is almost analogous to the proof of Lemma 2.7 with parameter-
dependent data, i.e. ψ(x) is substituted by ψ(µ, x), ψt(x) by ψt(µ, x), H by Hµ, Hij

by Hij
µ , hij by hijµ , g by gµ, Q by Qµ, B by Bµ, ω by ωµ, and ft by fµ,t. Rather

than repeating the calculations and arguments with the indicated substitutions,
we point out the two adaptions that need to be made in a copy of the proof of
Lemma 2.7 with the indicated substitutions.
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• The 2-jet of gµ does not necessarily vanish at x = 0 unless µ = 0. However,
this is not an issue: in (2.13) the invertibility of the matrix Bµ(t, 0), which
relates ∇xψt(µ, 0) and ∇xψ(µ, 0) follows from the invertibility of B0(t, 0)
for all µ close to 0 and t ∈ [0, 1], which is sufficient for the argument.
• Recall that ωµ(x, t) from (2.14) is the vector field whose flow map is the

required right equivalence. Notice that ωµ(0, t) from (2.14) does not neces-
sarily vanish if µ 6= 0 and, therefore, the values fµ,t(0) are only guaranteed
to vanish if µ = 0. However, this is sufficient as the sought right equivalence
needs to fix x = 0 only at µ = 0. �

Definition 3.1 (smooth Lagrangian family). Let I ⊂ Rl be an open neighbourhood
of the origin. A family (Λµ)µ∈I of Lagrangian submanifolds of a symplectic manifold

Z is smooth at µ = 0 around z ∈ Λ0 if there exists an open neighbourhood Z̃ of z,
a cotangent bundle structure π : Z̃ → Λ0 ∩ Z̃, an open neighbourhood Ĩ ⊂ I of 0
and a smooth family of scalar valued functions (φµ)Ĩ such that Λµ ∩ Z̃ is the image

of the section dφµ : Λ0 → Z̃ for all µ ∈ Ĩ. 4

Definition 3.1 is independent of the cotangent bundle structure π : Z̃ → Λ0 ∩ Z̃
because two different structures relate by a smooth transition (Lemma 2.2).

Definition 3.2 (parameter-dependent Lagrangian contact problem). Let (Xµ)µ∈I
and (Λµ)µ∈I be two Lagrangian families in a symplectic manifold Z that are smooth
at µ = 0 such that X0 ∩ Λ0 intersects in an isolated point z0 and such that the
set Xµ ∩ Λµ is discrete for all µ ∈ I. Then ((Xµ)µ∈I , (Λµ)µ∈I , z0) is called a
(parameter-dependent) Lagrangian contact problem in Z. 4

Definition 3.3 (constant unfolding). Let L = ((Xµ)µ∈I , (Λµ)µ∈I , z0) be a La-

grangian contact problem. Let Ĩ ⊂ Rl̃ be an open neighbourhood of 0. The
Lagrangian contact problem ((Xµ)(µ,µ̃)∈I×Ĩ , (Λµ)(µ,µ̃)∈I×Ĩ , z0) is called a constant

unfolding of L. Similarly, if F = (φµ)µ∈I is a smooth family of scalar-valued func-
tions then (φµ)(µ,µ̃)∈I×Ĩ is called a constant unfolding of F . 4

Definition 3.4 (Morse-reduced form). Consider an open neighbourhood I of 0 ∈
Rl and a family of scalar-valued functions (φµ)µ∈I defined around z0 ∈ X with
φ0(z0) = 0 and dφ0|z0 = 0, where X is an n-dimensional manifold. Consider
coordinates (x, x) = ((x1, . . . , xk), (xk+1, . . . , xn)) centred at 0 such that φµ is of
the form

φµ(x) = fµ(x) + x>Bx

for a symmetric, nondegenerate matrix B and a smooth family of functions (fµ)µ∈I
such that ∇xf0(0) = 0 and Hess f0(0) = 0. Then (fµ)µ∈I is a Morse-reduced form
of (φµ)µ∈I . 4

Remark 3.1. A potential parameter-dependence of the coordinates x = (x, x) is
suppressed in our notation. 4

Lemma 3.2 (existence and uniqueness of Morse-reduced forms). A family (φµ)µ∈I
as in Definition 3.4 has a Morse-reduced form (fµ)µ∈I and (fµ)µ∈I is locally around
(µ, x) = (0, 0) determined up to a right-action by a diffeomorphism of the form
K(µ, x) = (µ, rµ(x)) with K(0, 0) = 0 and addition of a term χ(µ), where χ is
smooth and χ(0) = 0.
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Proof. The lemma follows from the splitting theorem as formulated in [30]. Com-
pared with Lemma 2.6 it incorporates uniqueness properties. Let us indicate a
way to obtain the claimed existence result from Lemma 2.6. Let the dimension of
the kernel of the Hessian matrix of φ0 at z0 be k. We find an n − k-dimensional
submanifold X ⊂ X containing z0 such that the Hessian matrix of φ0|X at z0 is

nondegenerate. Consider a submanifold X containing z0 that is transversal to X.
We apply the parametric9 Morse Lemma (Lemma 2.6) to

(µ, x) 7→ φµ(x)− 〈∇µφµ(0)|µ=0, µ〉︸ ︷︷ ︸
=:χ(µ)

−φ0(0)

with respect to the splitting (I⊕X)⊕X. Notice that the 1-jet of the above function
with respect to the coordinates ((µ, x), x) vanishes. A fibred change of coordinates
yields local coordinates ((µ, x), x) with x = (x, x) = ((x1, . . . , xk), (xk+1, . . . , xn))
on X centred at z0 such that (x, 0) are coordinates on X and (0, x) are coordinates
on X and

φµ(x) = f̃µ(x) + φ0(0) + χ(µ) + x>Bx =: fµ(x) + x>Bx

The function x 7→ f0(x)− φ0(0) has a vanishing 2-jet at x = 0 and B = Hessφ0|X
is invertible. �

Proposition 3.3. Let (X, (Λµ)µ∈I , z0) be a parameter dependent Lagrangian con-
tact problem in Z. Let I ⊂ Rk denote an open neighbourhood of 0. Consider smooth
families of cotangent bundle structures such that Λµ is given as the image of the

section dφαµ and dφβµ locally around z0 ∈ Z with φα0 (z0) = 0 = φβ0 (z0), respectively.

Then (φαµ)µ and (φβµ)µ admit the same Morse-reduced forms up to an addition of a
smooth function χ(µ) with χ(0) = 0.

Proof. The following proof is a parameter-dependent version of the proof of Propo-
sition 2.8 using Lemma 3.1 instead of Lemma 2.7.

Let k be the dimension of the kernel of the Hessian matrix of φα0 at z0 and let
n be the dimension of X. By Lemma 3.2 there exist a local coordinate system
x = (x, x) = ((x1, . . . , xk), (xk+1, . . . , xn)) on X centred at z0 such that

φαµ(x) = fµ(x) + x>Bx,

the function x 7→ f0(x) has a vanishing 2-jet at x = 0, and B = Hessφα0 |X is
invertible. A fibre-wise application of Lemma 2.2 yields

(3.1) φβµ ◦ k
µ
αβ = φαµ +Hµ(x,∇φαµ) + χ(µ),

for a smooth function χ with χ(0) = 0 and

Hµ(x, ξ) =

n∑
i,j=1

hµij(x, ξ)ξiξj = ξ>
(
H11
µ (x, ξ) H12

µ (x, ξ)
H12
µ (x, ξ)> H22

µ (x, ξ)

)
ξ

with H11
µ (x, ξ) ∈ Sym(k), H12

µ (x, ξ) ∈ Rk×(n−k), H22
µ (x, ξ) ∈ Sym(n− k), and with

kµαβ = πβ ◦ (πα|Λµ)−1. For i, j ∈ {1, 2} define

Hµ(x) = Hµ(x, x) = Hµ(x,∇φαµ(x)), Hijµ (x) = Hijµ (x, x) = Hij
µ (x,∇φαµ(x)).

Define
B′µ(x) = B + 4BH22

µ (x)B.

9In this context the parameters are (µ, x)
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We calculate

φβµ(kµαβ(x, x))
(3.1)
= φαµ(x, x) +Hµ(x) + χ(µ)

= fµ(x) + x>B′µ(x)x+∇xfµ(x)>H11
µ (x)∇xfµ(x)

+ 4x>BH12
µ (x)>∇xfµ(x) + χ(µ).

(3.2)

We calculate the Hessian matrix of φβ0 ◦ k0
αβ at (x, x) = (0, 0) using (3.2) and

obtain

Hess (φβ0 ◦ kαβ)(0, 0) =

(
0 0
0 2B′0(0)

)
.

Since Λ0 is graphical in both cotangent bundle structures, B′0(0) must be invertible
by a dimension argument. For (µ, x) in a sufficiently small neighbourhood of (0, 0)
the matrices B′µ(x) are invertible and have constant signature. By Sylvester’s law
of inertia, there exists a smooth family of invertible matrices Aµ(x) such that

(3.3) A−>µ (x)B′µ(x)A−1
µ (x) = B′µ(0)

for all (µ, x) near (0, 0). Consider

rµ(x, x) = (x,Aµ(x)x).

For all µ near 0 the map rµ fixes x = 0 and is a diffeomorphism on a neighbourhood
of x = 0. Let us define

H̃11
µ (x) := H11

µ (r−1
µ (x))

H̃12
µ (x) := H12

µ (r−1
µ (x))BA−1

µ (r−1
µ (x))B′µ(0)−1.

(3.4)

By Lemma 3.1 the function

φα1 := fµ(x) + x>B′µ(0)x

is right equivalent to

φα2 (µ, x) := fµ(x) + x>B′µ(0)x

+∇xfµ(x)>H̃11
µ (x)∇xfµ(x)

+ 4x>B′µ(0)H̃12
µ (x)>∇xfµ(x).

We have

(φα2 ◦ rµ)(x) = fµ(x) + x>Aµ(x)>B′µ(0)Aµ(x)x

+∇xfµ(x)>H̃11
µ (rµ(x))∇xfµ(x)

+ 4x>Aµ(x)>B′µ(0)H̃12
µ (rµ(x))>∇xfµ(x).

Comparing the above with (3.2) shows that the function φα2 ◦ rµ coincides with
φβµ ◦ k

µ
αβ − χ(µ). This proves the claim. �

Definition 3.5 (stably right equivalence as unfoldings). Consider open neighbour-

hoods I of 0 ∈ Rl and I ′ of 0 ∈ Rl′ and two families of scalar-valued functions
(φµ)µ∈I and (φ′µ′)µ′∈I′ defined around 0 ∈ Rn or 0 ∈ Rn′ , respectively. Assume

that φ0(0) = 0 and φ′0(0) = 0. If

• there exists an extension of the parameter spaces I to I × RL−l and I ′ to
I ′ ×RL−l′ for some L ∈ N, L ≥ max(l, l′) where the additional parameters
enter trivially in the function families (constant unfolding),
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• there exist reparametrisations of both parameter spaces fixing 0 ∈ I×RL−l
and 0 ∈ I ′ × RL−l′ , respectively,
• and for an open neighbourhood Î ⊂ (I × RL−l) ∩ (I ′ × RL−l′) of 0 there

exists a smooth function χ : Î → R
such that the families (φµ̂ + χ(µ̂))µ̂∈Î and (φµ̂)µ̂∈Î admit the same Morse-reduced

forms then (φµ)µ∈I and (φ′µ′)µ′∈I′ are stably right equivalent as unfoldings. 4

Remark 3.2. Definition 3.5 corresponds to the equivalence relation reduction in
definition 5.3 (p.124) of Wassermann’s dissertation [28]. The necessary notions
are developed in [28, §4, §5]. Here, however, we use right equivalence where the
reference uses right-left equivalence. 4

Proposition 3.4. Let ((Xµ)µ∈I , (Λµ)µ∈I , z0) be a parameter-dependent Lagrangian
contact problem in Z. Consider two cotangent bundle structures on Z over X0

locally around z0 ∈ X0 ∩ Λ0 such that for each µ ∈ I near 0 after shrinking all
involved manifolds around z0, if necessary, the submanifold Λµ is the image of the
section dφµ and Xµ the image of the section dψµ with respect to the first cotangent
bundle structure and Λµ is the image of the section dφ′µ and Xµ is the image of
the section dψ′µ with respect to the second cotangent bundle structure such that
φ0, ψ0, φ

′
0, ψ
′
0 vanish at z0. Then the families (ρµ)µ = (φµ − ψµ)µ and (ρ′µ)µ =

(φ′µ − ψ′µ)µ are stably right equivalent as unfoldings.

Proof. We modify the first cotangent bundle structure using the fibre-preserving
symplectic diffeomorphism ξ 7→ ξ−dψµ|π(ξ) and the second cotangent bundle struc-
ture by ξ 7→ ξ − dψ′µ|π′(ξ) fibre-wise. In the updated structures all Xµ are zero-
sections and Λµ is given as the image of the section d(φµ−ψµ) = dρµ with respect
to the first structure and as the image of the section d(φ′µ−ψ′µ) = dρ′µ with respect
to the second structure. Now the claim follows by Proposition 3.3. �

The smooth family (ρµ)µ of functions constructed in Proposition 3.4 is called a
generating family for ((Xµ)µ∈I , (Λµ)µ∈I , z0). More precisely, we can formulate the
following definition.

Definition 3.6 (generating family). Consider a parameter-dependent Lagrangian
contact problem ((Xµ)µ∈I , (Λµ)µ∈I , z0) and a cotangent bundle structure over X0

such that for µ in a neighbourhood of 0 in I the manifolds Xµ, Λµ are locally around
z0 given as the images of dψµ and dφµ, respectively, for smooth function families
(ψµ)µ∈I , (φµ)µ∈I with ψ0(z0) = 0 = φ0(z0). The family (ρµ)µ∈I with ρµ = φµ−ψµ
is called a generating family for ((Xµ)µ∈I , (Λµ)µ∈I , z0). 4

Definition 3.7 (contact equivalence of parameter-dependent Lagrangian contact

problems). Let L̂ = ((Xµ̂)µ̂∈Î , (Λµ̂)µ̂∈Î , z0) and L′ = ((X ′µ′)µ′∈I′ , (Λ
′
µ′)µ′∈I′ , z

′
0) be

Lagrangian contact problems in Z and Z ′ where dimZ = dimZ ′. The families are
called contact equivalent if there exists a constant unfolding ((Xµ)µ∈I , (Λµ)µ∈I , z0)

of L̂ and a constant unfolding ((X ′µ)µ∈I , (Λ
′
µ)µ∈I , z

′
0) of L′ such that after shrinking

Z to an open neighbourhood of z0 and Z ′ to an open neighbourhood of z′0, there
exists a smooth family of symplectomorphisms Φµ : Z → Z ′ such that for all µ in
an open neighbourhood of 0 ∈ I

Φµ(Xµ) = X ′θ(µ), Φ(Λµ) = Λ′θ(µ), Φ0(z0) = z′0,

where θ is a diffeomorphism defined around 0 ∈ I fixing µ = 0. 4
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We conclude the section with the following theorem which extends Theorem 2.14
to the parameter-dependent case.

Theorem 3.5. Two parameter-dependent Lagrangian contact problems in a sym-
plectic manifold are contact equivalent if and only if their generating families are
stably right equivalent as unfoldings.

Proof. Let ((Xµ)µ∈I , (Λµ)µ∈I , z0) and ((X ′µ′)µ′∈I′ , (Λ
′
µ′)µ′∈I′ , z

′
0) be parameter de-

pendent Lagrangian contact problems in Z. Since symplectic manifolds of the
same dimension are locally symplectomorphic, we can assume z0 = z′0. (Also see
Lemma 2.13.) Moreover, as the notion of contact equivalence of Lagrangian con-
tact problems as well as the notion of stably equivalence as unfoldings admits the
extensions of the parameter spaces via constant unfoldings, it is sufficient to proof
the assertion for I = I ′. In the following, we will shrink the manifold Z to neigh-
bourhoods of z0, and I to a neighbourhood of 0, repeatedly, without mentioning.
As seen in the proof of Proposition 3.4 we can reduce the problem to a problem
with a constant family Xµ ≡ X.

For the forward direction, assume that (X, (Λµ)µ∈I , z0) and (X, (Λ′µ)µ∈I , z0) are
contact equivalent. There exists a family of symplectomorphisms Φµ : Z → Z with

Φµ(X) = X, Φµ(Λµ) = Λ′θ(µ), Φ0(z0) = z0.

for a local diffeomorphism fixing µ = 0. After a reparametrisation of the second
family, we can assume θ = id. Now the proof proceeds similarly to the first part
of the proof of Theorem 2.14: consider a cotangent bundle structure over X such
that Λµ is given as the image of dφµ for a smooth family (φµ)µ∈I with φµ(0) = 0.
Denote the cotangent bundle projection by π. Using Φµ we can construct another
cotangent bundle structure over X with cotangent bundle projection π′µ = π ◦Φ−1

µ .
The map Φµ ◦ dφµ is a section of π′µ and maps X to Λ′µ. Therefore, in the new
structure, the family (Λ′µ)µ∈I can again be represented by the family (φµ)µ∈I .

For the reverse direction, assume that (X, (Λµ)µ∈I , z0) and (X, (Λ′µ)µ∈I , z0) have
equivalent generating families. Consider a cotangent bundle structure over X such
that Λµ, Λ′µ are graphical and given as

φµ(X) = Λµ, φ′µ(X) = Λ′µ.

By Lemma 3.2 there exist coordinates (x, x) and (x′, x′) centred at z0 such that

φµ(x, x) = fµ(x, x) + x>Bx

φ′µ(x′, x′) = f ′µ(x′, x′) + x′
>
B′x′,

where the 2-jets of f and f ′ vanish at µ = 0 and B and B′ are nondegenerate,
symmetric matrices. We have fµ(x) = f ′θ(µ)(rµ(x)) for a diffeomorphism θ fixing 0

and a fibred right equivalence r such that r0(0) = 0. After a reparametrisation of
the second family, we can assume θ = id. Now the proof proceeds analogously to the
second part of the proof of Theorem 2.14. Let us sketch the four steps to construct
a family of symplectic maps around z0 identifying the two contact problems.

• Λ′µ is mapped to a manifold that coincides with dφ
(0)
µ (X) on a neighbour-

hood of z0 with

φ(0)
µ (x, x) = f ′µ(x, x) + x>B′x

using the cotangent lift of the change of coordinates (x, x) 7→ (x′, x′).
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• On an open neighbourhood of z0 the submanifold dφ
(0)
µ (X) is mapped to

dφ
(1)
µ (X) with

φ(1)
µ (x, x) = fµ(x, x) + x>B′x

using the cotangent lift of (x, x) 7→ (rµ(x), x).

• On an open neighbourhood of z0 the submanifold dφ
(1)
µ (X) is mapped to

dφ
(2)
µ (X) with

φ(2)
µ (x, x) = fµ(x, x) + x>BDB′DBx

for a suitable choice of a symmetric, invertible matrix D using the cotangent
lift of (x, x) 7→ (x,DBx).

• On an open neighbourhood of z0 the submanifold dφ
(2)
µ (X) is mapped to

Λ̃µ using the cotangent lift of the fibred right equivalence obtained from
Lemma 3.1 for

H =

(
0 0
0 1

4 (−B−1 +DB′D)

)
∈ Rn×n.

Let the original cotangent bundle structure be defined by the 1-form λ. Λµ
is mapped to Λ̃µ using the symplectomorphism that identifies the cotangent
bundle structure λ with λ + dH, where H(x, ξ) = ξ>H(x, ξ)ξ in Darboux
coordinates with respect to the original structure.

The procedure constructs the required family of symplectomorphisms. �

4. Concluding remarks and application to boundary value problems
of symplectic maps

4.1. Stably contact equivalence. It is now justified to extend the notion of
contact equivalence of Lagrangian contact problems to stably contact equivalence.
This will allow us to compare Lagrangian contact problems in symplectic manifolds
of different dimensions.

Definition 4.1. Two Lagrangian contact problems (in symplectic manifolds of
possibly different dimensions) are stably contact equivalent if their generating func-
tions are stably right equivalent. Moreover, two parameter-dependent Lagrangian
contact problems (in symplectic manifolds of possibly different dimensions) are
stably contact equivalent if their generating families are stably right equivalent as
unfoldings. 4

Proposition 4.1. Two Lagrangian contact problems in symplectic manifolds of
the same dimension are stably contact equivalent if and only if they are contact
equivalent.

Proof. The statement follows by the Theorems 2.14 and 3.5. �

The following two theorems announced in Section 1 now follow trivially from
Definition 4.1. Their geometric meaning is encoded in the Theorems 2.14 and 3.5.

Theorem 1.3. There exists a 1-1 correspondence between Lagrangian contact prob-
lems modulo stably contact equivalence and smooth real-valued function germs up
to stably right equivalence.
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Theorem 1.4. There exists a 1-1 correspondence between parameter-dependent
Lagrangian contact problems up to stably right equivalence and unfoldings of smooth,
real-valued function germs up to stably right equivalence as unfoldings.

Remark 4.1. The notion of versality and stability can be translated to the setting of
(parameter-dependent) Lagrangian contact problems such that classification results
from catastrophe theory apply (see [2, Part II], for instance). 4

4.2. Boundary value problems for symplectic maps. An application is the
classification of singularities and bifurcations which occur in boundary value prob-
lems for symplectic maps [20, 24]: consider a smooth family of symplectic maps
φµ : Z → Z ′ for µ ∈ I, where I ⊂ Rl is an open neighbourhood of the origin. Let
us denote the symplectic form of Z by ω and the symplectic form of Z ′ by ω′. Let
pr : Z × Z ′ → Z and pr′ : Z × Z ′ → Z ′ denote projections to the first or second
component of the product. Define the symplectic form Ω = pr∗ω−pr′

∗
ω′ on Z×Z ′.

The graphs of (φµ)µ define a smooth family (Λµ)µ of Lagrangian submanifolds in
Z × Z ′.

The Lagrangian contact problems ((Λµ)µ, (Xµ)µ, z) for a smooth family (Xµ)µ
of Lagrangian submanifolds of Z ×Z ′ and a point z ∈ Z ×Z ′ can be interpreted as
a family of boundary value problems for the symplectic maps (φµ)µ, where (Xµ)µ
represents the boundary conditions. The elements of the intersection Λµ ∩ Xµ

correspond to solutions to the boundary value problem.

Example 4.1 (periodic boundary conditions). Consider Z ′ = Z, let (φµ)µ∈I be a
family of symplectic maps on Z, let Λµ denote the graph of φµ viewed as a subset
of Z×Z and let Xµ ≡ X be the diagonal embedding of Z into Z×Z. The elements
of the intersection Λµ ∩X correspond to solutions to the boundary value problem
φµ(z) = z, z ∈ Z. 4

Example 4.2 (Dirichlet-type boundary conditions). Consider a family of Hamiltoni-
ans (Hµ)µ∈I on a cotangent bundle space T ∗U with bundle projection π : T ∗U → U .
Let q∗, Q∗ ∈ U and let φµ denote the time-1-map corresponding to the Hamilton-
ian system (Hµ, T

∗U,−dλ). Let (q, p) denote local canonical coordinates on T ∗U
around a point of interest where Z is a coordinate patch such that q∗ ∈ π(Z) and
Z ′ is a coordinate patch such that Q∗ ∈ π(Z ′). The equation

(4.1) π(φµ(q∗, p)) = Q∗

is a boundary value problem for φµ. This kind of boundary value problems arise as
first-order formulations of parameter-dependent second-order systems of ordinary
differential equations with Dirichlet boundary conditions, for instance. Let Λµ
denote the graph of φµ : Z → Z ′ viewed as a subset of Z × Z ′ and let Xµ ≡
X = pr−1(q∗)× pr′

−1
(Q∗). The elements of the intersection Λµ ∩X correspond to

solutions to the boundary value problem (4.1). 4

Two parameter dependent boundary value problems for symplectic maps are
equivalent at a solution if and only if their corresponding parameter-dependent La-
grangian contact problems in Z×Z ′ are contact equivalent. Therefore, Remark 4.1
applies to parameter-dependent boundary value problems for symplectic maps and
relates the problem to classical catastrophe theory. For this also notice that small
perturbations of the corresponding catastrophe theory problems relate to perturba-
tions of the Lagrangian contact problems which can still be interpreted as boundary
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Figure 4. When bifurcation diagrams of parameter dependent
Hamiltonian boundary value problems are computed using a nu-
merical method, it is crucial that the symplectic flow map is ap-
proximated by an algorithmically computable flow map which is
symplectic as well. The symplecticity guarantees that the com-
puted bifurcation diagram exhibits the same stable singularities as
the bifurcation diagram of the exact system. To the left we see an
illustration of an elliptic umbilic bifurcation which is persistent un-
der perturbations within the class of boundary value problems for
symplectic maps. If a numerical discretisation error perturbs the
problem to a boundary value problem for a non-symplectic map,
the bifurcation breaks (right hand side) [23, 22, 24].

value problems for symplectic maps. Indeed, we obtain a rigorous framework for
the work done in [20], i.e. the analysis of bifurcations in boundary value problems
for symplectic maps. In particular, Theorem 3.5 fills a gap in the argumentation
of proposition 2.1 in [20]. Implications for numerical computations of bifurcation
diagrams are explained in [23, 22, 24] and illustrated in Figure 4.

Example 4.3. Singularities in conjugate loci can be viewed as singularities of ex-
ponential maps. Interpreting exponential maps as Lagrangian maps [11], the sin-
gularities can be classified via generating families up to stably R+-equivalence [2,
p.304]. Alternatively, elements of conjugate loci can be interpreted as singularities
of boundary value problems for exponential maps. Using a slightly different notion
to identify the singularities, elements in the conjugate loci correspond to map germs
up to right equivalence with certain symmetries [21]. 4
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