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Abstract

In this paper we consider wormhole routing in a d-
dimensional torus of side length n. In particular, we present
an optimal randomized algorithm for routing worms of
length up to O�n��d logn���, one per node, to random des-
tinations. Previous algorithms only work optimally for two
dimensions, or are a factor of logn away from the optimal
running time. As a by-product, we develop an algorithm for
the 2-dimensional torus that guarantees an optimal runtime
for worms of length up to O�n��logn��� with much higher
probability than all previous algorithms.

1. Introduction

Since communication between several processors re-
quires a large portion of the runtime of a parallel algorithm,
it is very useful to construct efficient algorithms for sending
information in a network.

In this paper we will propose a new wormhole routing
algorithm for the �n� d�-torus. This network is defined as
follows:

Definition 1.1 The �n� d�-torus T �n� d� consists of a set of
processors P � f�ad� ad��� ad��� ... � a�� a��j � � ai �
n � � �i � f�� ... � dgg and a set of edges E � ffu� vgj
u,v � P, �i: �j � f�� ... � dg with j �� i: uj � vj and
�ui � �� mod n � vi g.

Most parallel and distributed systems utilize either store-
and-forward or wormhole routing. In store-and-forward
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routing, each message can cross a single link in unit time.
The store-and-forward model is a standard model which has
been widely used to study routing and other problems in
parallel computers. In wormhole routing, messages are sent
as worms, each of which consists of a sequence of fixed size
units called flits. A flit is defined as the amount of data that
can be sent along a link in one time step. The length of a
worm is the number of flits it contains. The first flit is called
the head and the remaining flits are called the body of the
worm. During the routing a worm occupies a contiguous
sequence of edges along its path, one flit per edge. This
means that worms are not allowed to be seperated into dif-
ferent parts. In addition to this we assume that no processor
in the network is able to store parts of the worms during the
algorithm. This has the consequence that only the links can
hold the flits.

Wormhole routing is an extremly popular strategy for
data movement in parallel computers and is used in a va-
riety of machines including the Intel Paragon, CRAY T3D,
MIT J-Machine and Stanford DASH. It has several advan-
tages over store-and-forward routing. In store-and-forward
routing, if a b-flit message traverses a path of length d, and
is never delayed, then it will reach its destination in bd steps
(assuming that each channel can transmit one flit in each
step). In a wormhole router, however, the first flit does not
wait for the rest of the message. It therefore arrives at its
destination after d steps, and the last flit of the message ar-
rives after d� b � � steps. The difference in time is due to
a better utilization of network links by the wormhole router.
In addition to reduced latency, wormhole routing also has
the advantage that it can be implemented with small, fast
switches, and is a realistic model for optical communica-
tion.

Given a function f : P �� P, our (wormhole) routing
problem is to design a protocol that routes nd worms, one
from each processor v to its destination f�v�. If f is cho-
sen at random we talk about routing a random function; if



f is a permutation we talk about permutation routing. Our
distributed protocol is online, i.e., every processor decides
about the next routing step only based on local information.
We present the first protocol for wormhole routing on the
�n� d�-torus that is optimal also for large, non-constant di-
mension d.

1.1. The Lower Bound

We can formulate the following lower bound for routing
randomly chosen functions:

Remark 1.2 For any routing protocol, the expected time
to route a random function with worms of length L in the
�n� d�-torus is in ���L � d�n�.

Proof: At first we ask for the expected distance between
the source and the destination for any worm in the network.
Consider an arbitrary node a � �ad� ad��� ���� a��. The des-
tination f�a� of the worm starting from a can have a dis-
tance of 0, 1, 2, .. , n��� � from a with probability at least
��n in every dimension. This leads to the expected distance
��n� in every dimension. Since we have d dimensions, we
get an expected total distance of ��dn�.

Furthermore, we can analyse the work that the network
has to perform. Since, for a randomly chosen function, there
are nd worms of length L that want to travel an expected
distance of ��dn�, the expected number of movements of
flits along edges to be executed is at least ��ndL 	 dn� . On
the other hand, the network has at most ndd links, so that
there are ��Ln� parallel steps needed to do the work.

These two lower bounds yield the claimed expected rout-
ing time. �

1.2. Previous work

Bar-Noy, Raghavan, Schieber and Tamaki [1] present an
algorithm for the �n� ��-torus which achieves a runtime of
O�kLn� with probability at least �� n�k for any k � �.
Cypher, Meyer auf der Heide, Scheideler and Vöcking
[2] present an algorithm that reaches the running time

O�Lnd
��B��nd�L�d logn

B
� for routingnd worms of lengthL,

one from each processor, in a �n� d�-mesh with bandwidth
B. This result is optimal for L 
 d� logn and B 
 logd,
but leads to high time loss if B is equal to �, which is the
case in this paper.
Fridetzky [3] shows that it is possible to route a random
function f w.h.p. (w.h.p. means ”with high probability”,
i.e., with probability at least � � n�c for some c � �) in
time O��L � d�n logn� in the �n� d�-mesh.

1.3. New Results

We present the first algorithm for wormhole routing on
�n� d�-tori with runtime O��L � d�n�. As shown in Re-

mark 1.2 this is optimal. We achieve this result for every d
and worms of length L as long as L � O� n

�d logn�� �. We
only handle the case of sending worms to random destina-
tions. By using Valiants trick [8] (first send the messages
to random intermediate destinations and from there to the
final destinations) it can be extended to reach the same time
bound also for arbitrary permutations. As a subroutine of
our algorithm we develop a new algorithm for routing ran-
dom functions on the �n� ��-torus. It has the same (optimal)
expected runtime as the one in [1], but is much more reliable
for moderate sizes ofL. It runs in timeO�Ln��kL logn���
with probability at least �� n�k, for any k � �.

2. Description of the new algorithm

In this section we describe our algorithm for the �n� d�-
torus. We assume that L � n

��d logn�� for an arbitrary con-
stant � � �.

2.1. The structure of the algorithm

Our algorithm routes every worm to its destination by
seperating this problem into d new subproblems. For every
dimension we want to adjust the actual position of every
worm to the position of its destination within the dimension.
In particular, we first want to adjust the actual position of
the worm to the position of its destination with regard to the
first dimension before we do this for the second dimension
and so on. To handle these subproblems we use a new 2-
dimensional algorithm that is used in parallel in the (n,2)-
subtori along dimension i and i � � to adjust the position
of the worms in this part of the network to the dimension i
of their destinations. To enable this, our algorithm works in
	abL batches for suitably chosen constants a and b. Every
batch consists of nd

�abL suitably chosen worms such that at
most n�	abL worms start in every cycle. (In the �n� d�-
torus we call a set of n processors with the same values in
every dimension except in a particular dimension i a cycle
along dimension i). The whole algorithm is seperated into
stages of length kn for some fixed constant k defined later.

At the first stage, our new 2-dimensional algorithm is
used to adjust the positions of the first batch of worms to the
positions of their destinations in the first dimension within
kn steps, w.h.p., using only links in the first two dimen-
sions. After this the worms of the first batch are in cycles
along dimension 2, and their values in the first dimension
are now equal to the first dimension of their destinations.
In the next stage the same happens for dimensions 2 and 3.
So we can assume that after further kn steps every worm
of this batch has correct values w.r.t. dimensions 1 and 2
and is layed out in an arbitrary cycle along dimension 3.
While the 2-dimensional algorithm starts with the worms
of batch � in dimensions 3 and 4, the second batch begins



with dimensions � and �. Parallel to the algorithm in di-
mensions 3 and 4, the positions of the worms participating
in the second batch are adjusted to the positions of their des-
tinations w.r.t dimension 1 by our 2-dimensional algorithm,
using only links in the dimensions 1 and 2. This leads to the
basic structure of the algorithm, illustrated in Figure 1.

Dimension:
Step: � � � � � � � � 	 �
 p p p p

batch �
batch �

batch �
batch �

batch �
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batch �
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All batches have reached their destination
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p
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���abL � d � � kn

Figure 1. The mainframe of the algorithm.
(a and b are suitably chosen constants)

Note that if every 2-dimensional algorithm can cope with
its task in time kn, the worms of different batches never
hinder each other. Thus we can conclude that the whole
algorithm finishes after O��d� L�n� steps w.h.p.

2.2. The algorithm for (n,2)-subtori

As mentioned above, we use a new 2-dimensional algo-
rithm in every stage. Although there are optimal protocols
for the wormhole routing problem in the �n� ��-torus in the
literature, we can not use any of them to cope with our prob-
lem. The reason for this is that all known algorithms for
the 2-dimensional torus do not guarantee runtime bounds
with sufficiently high probability. As our algorithm for the
�n� d�-torus uses such a protocol more than nd�� times as a
subroutine for the �n� ��-subtori, the known algorithms (see
Section 1.2) would fail in performing within a constant fac-
tor of their expected runtime for several of the applications
if d is non-constant. This would destroy our algorithm for
the �n� d�-torus for non-constant d. So we design a new
algorithm that consists of two phases:

2.2.1 The first phase

The first phase (cf. Figure 3) starts with arranging the
worms in sliding diagonals along cycles of dimension i.
Such a sliding diagonal – the concept was first introduced
in [1] – is an arbitrary diagonal of a �n� ��-subtorus formed
by the heads of worms, that moves in direction of a partic-
ular dimension. (By “in direction” we mean that the value
w.r.t. this dimension will be increased in every step. We
will use “against the dimension” for the opposite direction.)
The sliding diagonal technique guarantees that only worms
on the same diagonal compete for turning into the next di-
mension, and if two worms collide, they only collide with

their heads. In case of a collision, we will always prefer the
worm that has already turned into the new direction, which
means that once the head of a worm is successful in turn-
ing into the new dimension, this worm can not be hindered
anymore.

The analysis will show that there are w.h.p. at most n
abL

worms in every cycle along dimension i. So it is possible
to distribute them in such a way among n�bL diagonals –
which run with distance bL in direction of dimension i –
that there are at most n�a worms on every diagonal and at
least a empty places on a diagonal between any two worms.
This distribution is illustrated in Figure 2.
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Figure 2. The distribution at the beginning of
the first phase. In this example the parame-
ters are n � �� and a� b � �.

After the distribution – this takes at most L � n steps
– the first phase begins. In this phase we seperate the 2-
dimensional torus into blocks of �d logn columns which
we call coarse destinations. The coarse destination of a
worm is that block of columns its real destination column
belongs to. Every worm is supposed to turn only into a
column of its coarse destination. To achieve this the slid-
ing diagonals move in direction of dimension i, and every
worm on these diagonals that reaches its coarse destination
attempts to turn in direction of dimension i � � again and
again until it can turn or all � lognd trials fail.

Note that, as mentioned above, a worm can only be hin-
dered by the head of a worm which is placed on the same
diagonal and is already moving along this column. But if
it is able to use the link in direction of dimension i � � it
runs in direction of dimension i � � for the rest of this first
phase. If all �d logn trials fail, the worm runs further in di-
rection of dimension i, which means that our protocol fails.
The following analysis will show that this is very improb-
able. But if it happens, and there is a worm that has not
turned after those n � L steps, it will achieve this in the
next n � L steps. There the same procedure takes place,
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Figure 3. The run of the first phase: One di-
agonal reaches a column block (1), where a
worm turns into the next free column (2). Af-
ter this the worms that have reached a column
of their column block run to the top (3) until
the first phase ends, which happens after a
fixed number of steps. Then they turn to the
left (4) to be subsequently reordered for the
second phase.

but now every unsuccessful worm will attempt to turn into
an arbitrary column. This is certainly successful because of
the fact that there are much more columns than worms that
are placed on the same diagonal. So after all, every worm
runs in direction of dimension i� � with its diagonal.

Before we can start with the second phase of the 2-
dimensional algorithm we have to reorder the worms again.
For this all worms first turn against the direction of dimen-
sion i and run in this direction L � �d logn steps. After
this, they turn again in direction of dimension i and run in
this direction L steps. This means that every worm – we as-
sume the first phase was successful for every worm – stands
with the head in direction of dimension i exactly one block
in front of its coarse destination. Therefore it is at most
��d logn � � and at least one step in front of its real des-
tination column. This reordering is illustrated among other
things in Figure 5 ���.

2.2.2 The second phase

In this phase (cf. Figure 4) every worm should turn into
its destination column. Therefore we now partition the 2-
dimensional subtorus into blocks of �dL logn rows. We
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Figure 4. The run of the second phase: The
worms run at the beginning of each phase to
the right (1). One of them turns into its desti-
nation column (2). In this column it runs to the
top and turns around at the border of its block
to run downwards (3). While it has reached its
destination for this phase the other worms on
the diagonals come back after �L logn steps
(4).

define the links against the direction of dimension i � � as
a reservoir for worms, that is, a place where worms that al-
ready reached their correct column can wait until the second
phase is over.

To achieve this the second phase consists of �d logn
rounds. Every round itself has �L�d logn � �L steps. In
the first �L�d logn steps every diagonal runs in direction
of dimension i and every worm that is placed on it tries to
turn into its destination column. If this is possible it runs
in direction of dimension i � � until it reaches the top of
the row block. There it turns to travel in the opposite direc-
tion. It continues to travel in this way until it reaches the
bottom of this row block or the next link is occupied by an
already waiting worm. The worm waits in this position until
the end of the second phase and so until the 2-dimensional
algorithm is over. Note that this worm has corrected the
value of its ith dimension, which is illustrated in Figure 5
���. On the other hand, if it is not able to turn it continues
to travel in direction of the ith dimension. Then after the
first �L�d logn steps the diagonals turn around and travel
�L�d logn� L steps in the opposite direction. During this
part no worm attempts to turn into its column. After this the
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Figure 5. A typical way a worm can take in
the algorithm. After several failed attempts
it reaches the coarse destination (1). There it
runs upwards until the first phase ends. Then
it changes the direction (2) to begin the sec-
ond phase where it fails to turn into the cor-
rect destination column (3), which is reached
at the end (4).

worms turn again in direction of the dimension i for further
L steps. Note that they have reached now the old position
at the beginning of the round. At this moment the old round
ends and a new begins.

We want to emphasize that during the first half of every
round no worm can be blocked by a worm of a different
diagonal. This can only happen if a reservoir spills over
and therefore no more worm can reach the links against the
direction of dimension i��. But the analysis will show that
this is very improbable.

3. Analysis of the algorithm

We will prove the following bound for the efficiency of
our protocol:

Theorem 3.1 For L � O� n
�d logn�� � the protocol described

above routes worms of length L to random destinations in
the �n� d�-torus within time O��L� d�n�, w.h.p.

Note that this runtime bound is optimal (see Remark
1.2). Further note that this result can be extended to rout-
ing arbitrary permutations by using Valiant's trick (see Sec-
tion 1.3). To prove Theorem 3.1 we have to show that with

high probability every application of the 2-dimensional al-
gorithm copes with its task in time O�n�. For this, we start
with upper bounding the expected number of worms that
are in the same cycle of the network after a stage. We have
to show that this number is bounded by n�abL, because
we want to work with at most n�bL diagonals per �n� ��-
subtorus with at most n�a worms each. This is done in
following lemma.

Lemma 3.2 If L � n
��d logn�� for some constant � � �

then, for every constant � � �, there exists with probabil-
ity at least � � �

n�
no cycle along any dimension on which

more than n
abL

worms of a batch want to be placed after an
arbitrary stage.

Proof: For dimension i � � there is nothing to show be-
cause we only allow n�	abL worms to start in every cycle
along dimension 1. So we can assume in the following that
i is greater than 1. Let us consider an arbitrary fixed cycle
along the ith dimension. Every node in this cycle has the
same value for every dimension except the ith. This means
that a worm that is able to reach this cycle during the routing
has to start in a processor with the same values w.r.t. dimen-
sions i� � to d, because the values of these dimensions are
kept unchanged during the first i stages of the algorithm.
Hence the maximum number of worms that can reach this
cycle is ni. Since the first i � � dimensions have to be-
come equal to the values of the fixed cycle in order to reach
it and the destinations are chosen uniformly at random, the
probability for any of these worms for reaching this cycle is
��ni��. This leads to the following estimation:

Prob(There are at least t worms of a fixed batch in a fixed
cycle along dimension i)

�

�
ni

�abL

t

��
�

ni��

�t

�
� e
	

� n
abL

�

�
�

�

��d��log n�

ab

�

�
�

�

��d logn

�

�
�

n�d

�

for any constant 	 � � depending on n if t � n
abL

and
L � n

��d logn�� for some constant � � �.

Since we have 	abL batches and there are nd��d cycles
along an arbitrary dimension, we get:

Prob(There exists a cycle on which at least n
abL

worms of
an arbitrary batch want to be placed during the routing)

�
�

n�d
nd��d	abL �

�

n�d
nd �

�

n�



for any constant � � � depending on 	. �

With this lemma we can now assume that, for every stage
and dimension, n�bL diagonals can be formed per �n� ��-
torus with at most n�a worms each. Additionally we know
that there are at least a empty places between two worms of
every diagonal. In the following lemma we show that in this
case it is very improbable that a worm cannot turn into its
coarse destination during the first phase of the algorithm.

Lemma 3.3 For every constant � � � there is a constant
� � � such that with probability at least �� �

n�
there exists

no column block of size �d logn in which a worm of an
arbitrary batch is not able to turn into its coarse destination
during the first phase.

Proof: We mentioned above that only the head of a worm
that is placed on the same diagonal and is already moving
along a column of its coarse destination can block a worm
from turning. This leads to the following observation: If a
worm on a particular diagonal in a fixed batch is not able
to turn into its coarse destination, there are at least �d logn
worms on the same diagonal that want to turn into the same
block of columns. The probability of this event can be esti-
mated by:

Prob(During a fixed application of the 2-dimensional
algorithm, there are at least t worms on some fixed
diagonal that want to turn into a particular block of

columns)

�

�
n
a

t

��
�d logn

n

�t

�

�
�

�

��d logn

�
�

n�d

for t � �d logn.
Again we can estimate the number of these cases.

There are 	abL batches of worms, each applying the 2-
dimensional algorithm nd���d � �� times with at most n

bL

diagonals within each application. Furthermore, each of
these diagonals crosses n

�d logn blocks of columns. This

leads to the total number of 	abL n
bL
nd���d��� n

�d logn ex-
periments. So we can estimate:

Prob(There exists a diagonal in an arbitrary stage where at
least �d logn worms want to turn into the same block of

columns)

�
�

n�d
nd���d� ��	abL

n

bL

n

�d logn
�

�

n�

for any constant � � � depending on �. �

Because of the lemma above we can now assume that
every worm has reached its coarse destination after the first
phase of the algorithm. So according to the description of
the algorithm we know that, before the second phase starts,
every worm stands exactly one block of columns in front
of its coarse destination. This means that its value w.r.t.
dimension i is at least one and at most ��d logn � � lower
than the value of its destination in this dimension. So we
can conclude – if we assume, that no reservoir spills over –
that after �d logn rounds of the second phase every worm
can turn into its destination column. This holds, because
if no reservoir spills over then there are at most �d logn
worms on every diagonal that want to move to the same
reservoir. So we still have to show that with high probability
no reservoir spills over.

Lemma 3.4 Let us assume that the first phase is always
successful. Then for every constant � � � there exists a
constant � � � such that there is with probability at least
�� �

n�
no reservoir of size �dL logn into which more than

�d logn worms want to turn during the second phase.

Proof: Because of the assumption that the first phase has
been successful we can conclude that each worm stands ex-
actly one block in front of its coarse destination. So if we
ask for the number of worms that want to enter a particu-
lar reservoir we can only find candidates in the left neigh-
bouring block of processors consisting of �dL logn rows
and �d logn columns. In addition to this the diagonals on
which the candidates are placed still have a distance of bL,
so that we can estimate:

Prob(During the second phase of a fixed application of the
2-dimensional algorithm, there are at least t worms that
want to turn into a particular reservoir of size �d logn)

�

�
��d logn���dL logn �

bL
�

t

��
�

�d logn

�t

�
�e
b

��d logn
�

�

n�d

for t � �d logn and b sufficiently large.
Again we have to count the number of such cases. For

every of the 	abL batches there are nd���d � �� applica-
tions of the 2-dimensional algorithm to consider. In addi-
tion to this we have to multiply this number with n�

dL� logn
reservoirs where an overfill can happen. This leads us to the
following estimation:

Prob(During the second phase of an arbitrary application
of the 2-dimensional algorithm, there exists a reservoir

which at least �d logn worms attempt to enter)



�
�

n�d
	abL

n�

�dL logn
nd�� �d� �� �

�

n�d
nd �

�

n�

for any constant � � � depending on �. �

With the lemmas above we have shown that with high
probability every worm of an arbitrary batch can turn into
its column during the �d logn rounds of the second phase.
Hence the total number of steps required by every stage
w.h.p. is bounded by:

n� L� �z �
starting

��n � �L� �z �
phase 1

� d� logn� �L� �z �
turning&correcting

�

�d logn ��L�d logn� �L�� �z �
phase 2

� O�n�

if L � n
��d logn�� .

It remains to count the number of stages in the whole
algorithm. As mentioned above, at most ��abL � d � �
stages are necessary if all applications of the 2-dimensional
algorithm are successful. Hence the running time of the
whole algorithm is bounded by:

���abL� d� ��� �z �
stages

	 �kn���z�
2d-algorithm

�

n� L� �z �
routing to destination

� O ��d� L�n�

This proves Theorem 3.1 �.

It is easy to modify our 2-dimensional subroutine for
routing random functions in the �n� ��-torus. For this we use
abL stages to route n�abL fixed worms to their destination.
In every such stage we use our 2-dimensional subroutine
above but with new seperations of our network: In the d-
dimensional algorithm the subroutines worked on an �n� ��-
subtorus seperated into row blocks of size �dL logn and
column blocks of size �d logn. Now we use the same algo-
rithm with row blocks of size 
L logn and column blocks of
size 
 logn. After correcting the value w.r.t. the first dimen-
sion we route the worms within further n� L steps to their
destination. It is easy to verify that by exchanging �d logn
with 
 logn in the proof of Theorem 3.1 the same runtime
bound is achieved for a stage with probability � � n�����.
So within abL stages we can route all n� worms to their
destination and therefore get the following runtime bound
for our algorithm in the �n� ��-torus:

abL��z�
stages

� n� L� �z �
starting

��n� �L� �z �
phase 1

� 
 logn� �L� �z �
turning&correcting

�


 logn ��L
 logn� �L�� �z �
phase 2

� n � L� �z �
routing to destination

�

� O�abL�n� L�
 logn���� � O�Ln� �
L logn����

This leads to the following observation:

Observation 3.5 Consider wormhole routing of a random
function with worms of length L in the �n� ��-torus. Then
the runtime of the 2-dimensional algorithm is bounded by
O�Ln � �
L logn��� with probability � � n����� for any

 � �.

Note that – if L is of moderate size – this new
2-dimensional algorithm guarantees the optimal runtime
O�Ln� with much higher probability than the already
known algorithms (see Section 1.2). The reason for this
is that Ln asymptotically dominates �
L logn�� for L �

n
�� logn�� and so 
 does not affect the runtime as much as in
the previous algorithms.
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