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WAVE FRONT SETS OF NILPOTENT LIE GROUP REPRESENTATIONS

JULIA BUDDE AND TOBIAS WEICH

ABSTRACT. Let G be a nilpotent, connected, simply connected Lie group with Lie algebra g,
and 7 a unitary representation of G. In this article we prove that the wave front set of 7 coin-
cides with the asymptotic cone of the orbital support of 7, i.e. WF(7) = AC(Usesupp(r) Oc ),
where O, c ig* is the coadjoint Kirillov orbit associated to the irreducible unitary represen-
tation o € G.
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1. INTRODUCTION

The concept of wave front sets was introduced by Sato and Hérmander. Given a distribution
u € D'(M) its wave front set is a closed conical subset WF(u) ¢ T*M that encodes the singu-
larities of the distributions w. Informally speaking one can consider the wave front set as those
directions in which the distribution is not smooth (in a C*° sense). Wave front sets are exten-
sively used in PDE theory as a very concise measure of singularities. For example Hérmanders
famous theorem about propagation of singularities is formulated in terms of wave front sets.

The concept of the wave front set for a unitary Lie group representation was introduced
by Howe mﬂ Given a Lie group G with Lie algebra g and a unitary representation
(m,H) the wave front set of the representation yields a closed Ad*(G)-invariant cone WF(r) c
ig*. Informally speaking it captures the singular directions of all matrix coefficients of 7 (see
Definition for a precise definition). The remarkable property of WF(r) is that it is defined
entirely in terms of singularities of matrix coefficients but it captures essential information of
the spectral measure of . This relation can be expressed by certain wave front-orbital support
(WFOS) theorems which we want to explain next: Suppose that the Lie group G is of type I
such that we can write any unitary representation (m,H) as a direct integral m = |, g o™(@) (o)
where G is the unitary dual endowed with the Fell topology and pu, a Borel measure on G, the
spectral measure of w. Suppose furthermore that there is a canonical way to associate to any

1For compact Lie groups a very simliar concept based on the analytic instead of the C'*° regularities was
introduced slightly before by Kashiwara and Vergne in [KV79]
1
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o € supp pr € G a coadjoint orbit O, c ig* (or possibly a finite collection of such orbits), then
we define the orbital support to be
(1) O-supp(m):= |J O,cig”.

oesupp(fir)

Furthermore, we define for any subset S c ig* its asymptotic cone
AC(S) :={¢ €ig*|C an open cone containing £ = S nC unbounded } u{0}.

A Wave front-orbital support theorem is then a theorem that states (for a suitable class of Lie
groups G and unitary representations (7, H)) the equality

(2) WEF(m) = AC(O - supp(m))

and thus connects the wave front set to the asymptotic support of the spectral measure. For
abelian Lie groups the WFOS-theorem is just a reflection of the defintion of the wave front set and
Fourier inversion formulas as had been noted by Howe [How81]. For non-commutativ Lie groups
the relation is much more subtle and has been shown for compact groups by Kashiwara-Vergne
[KV79] and Howe [How81]. Much more recently Harris, He and Olafson [HHO16, Theorem 1.2]
have shown a WFOS-theorem for real reductive algebraic groups G and unitary representations
7 which are weakly contained in the tempered representations (see [Har18| [HO17] for follow up
works that aim to weaken the temperedness assumption).

The practical purpose of WFOS-theorems is that they connect the spectral measure p, of
general unitary representations to the wave front set of 7. While the former is in general very
difficult to determine, the latter has been shown to be explicitly calculable in very general
settings. For example if G is an arbitrary Lie group and H c G a closed subgroup such that
G/H carries a non-vanishing G-invariant smooth density then one can consider the regular
representation of G on L?(G/H). While determining the exact spectral measure (i.e. the
Plancherel measure) of L?(G/H) is in general extremely difficult and so far only known for
certain classes of homogeneous spaces, the wave front set of L?(G/H) is known [HW17, Theorem
2.1] without any further assumptions

WE(L*(G/H)) = Ad*(G)i(g/h)*.
Similar identities have also been derived for certain classes of induced representations [HW17]
Theorem 2.2 and 2.3] and also the behaviour of wave front sets under restrictions is rather
well understood [How81, Prop 1.5] [HH()IG, Corollary 1.4]. Combining the explicit knowledge
of WF(L?*(G/H)) with a WFOS-theorem one can then deduce results about the Plancherel
measures, e.g. existence of discrete series (see e.g. [HWI7, Example 7.5][DKKSI8, Theorem
21.1]).

In contrast to the knowledge about WF(L?(G/H)) that is known without any structural
assumptions on G and only mild assumptions on the quotient G/H, the cases in which WFOS-
theorems are established are rather limited (abelian [How81], compact [How81) [KV'79] and real
reductive groups [HH()I6J as mentioned above). One might hope that they can be proven for
any class of Lie groups where a suitable relation between unitary irreducible representations and
coadjoint orbits is established, for example in the setting of real linear algebraic group (see e.g.
[Duf10]). The purpose of this article is to establish a WFOS-theorem for nilpotent Lie groups.
We prove

Theorem 1. Let G be a nilpotent, connected, simply connected Lie group and w a unitary
representation of G. Then

WEF(7) = AC(O -supp).

2with their slightly different notion of wavefront set, as mentioned above
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Where the orbit support is defined by the Kirrilov orbits O, cig”® of the unitary irreducible
representation o.

It was rather surprising to us, that the proof strategy of [HHOlG] could not be transferred to
the setting of nilpotent Lie groups. A central object in the proof of the Wave front-Plancherel
theorem in [HHO16] was the analysis of integrated characters’} Je& Xo f(0)dpr (o) € D'(G) where
Xo € D'(G) is the distributional character of the tempered irreducible representation o. Harris,
He and Olaffson then use character formulas of Duflo and Rossmann as well as Harish-Chandra’s
invariant integrals to relate the wave front set of the integrated characters to the asymptotic
orbital support. While Kirillov’s character formula provides a natural (and even simpler) replace-
ment to the Duflo-Rossmann formula, the analogon to the Harish-Chandra invariant integrals for
nilpotent groups produces additional singularities which make the proof break down (see [Bud21
Section 5.1] for a detailed discussion of the occurring problems). We therefore had to establish
an alternative method to prove the above result. Instead of working with integrated characters
and character formulas we directly work with matrix coefficients. In contrast to the characters,
the Fourier transform of individual matrix coefficients of an irreducible representation are not
supported on the coadjoint orbits. However we can show (Proposition and Proposition
that they are microlocally supported “near” the orbit and that the precise meaning of “near”
can be made uniform about all unitary representations. Our proof of these key propositions
is based on concrete microlocal estimates on induced representations. The induction scheme
hereby is similar to the induction in the traditional proof of Kirillov’s character formula.

Let us briefly outline the article: We first introduce the relevant notion on wave front sets (Sec-
tion and the structure of nilpotent Lie groups and their unitary representations (Section.
We then proof Theorem [l by proving separately the two inclusions AC(O - supp(w)) c WF(x)
(Section and AC(O - supp(r)) > WF(r) (Section [3.2). For both inclusions we prove a
uniform estimate on the Fourier transforms of individual matrix coefficients (Proposition
and Proposition respectively). A sketch of the central ideas of their proof is given after the
statement of each of the two propositions.

Acknowledgements We thank Benjamin Harris, Joachim Hilgert, Jan Frahm and Clemens
Weiske for many encouraging discussions and helpful remarks and suggestions. This project
has received funding from Deutsche Forschungsgemeinschaft (DFG) (Grant No. WE 6173/1-1
Emmy Noether group “Microlocal Methods for Hyperbolic Dynamics”)

2. PRELIMINARIES

2.1. Wave Front Sets. In this section we give definitions of the wave front set of a distribution
and of a unitary Lie group representation and provide some facts about these objects that we
will use later in the article.

Let W be a real, finite-dimensional vector space and fix a Lebesgue measure dx on W. We
define the Fourier transform as the map F : S(W) — S(iWW*) between Schwartz spaces with

F@NQ) = [ @)™€) du, geiw,

and for a tempered distribution v € S'(W) as F(u) € S'(iW™) with F(u)(¢) = u(F()) for
1 € S(iW™). The inversion formula for F: S(W) - S(iW™) gives us

FLSGWY) - S(OW), oo (:c = [ e dg)
for a suitable measure d¢ on tW*.

3Such integrated characters had before been introduced and used in the context of restriction problems by
Kobayashi [Kob94l [Kob98b), [Kob98al.
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In addition to that, we define the Fourier transform of a distribution v € £'(W') with compact
support to be

Fw)(€)=v [6727‘—(5’.>:| , CeiWr.

Definition 2.1. Let W be a real, finite-dimensional vector space and u € D'(X) a distribution
on an open subset X ¢ W. Then we say (zq,&) € X x iW* ~ {0} c iT*X is not in the wave
front set WF (u) c iT*X if there exist open neighborhoods U of xg and V of £, and a smooth
compactly supported function ¢ € C°(U) with ¢(xg) # 0 such that for all N € N there exists a
constant Cn,¢ > 0 such that

\F(pu)(16)| < Cn g™ V7r>0,6eV.

Note that (x,0) € ¢T*X is never in the wave front set (contrary to Definition for unitary
representations) because in order to analyze the singularities of a function or distribution it only
makes sense to look in the directions & # 0.

Furthermore, it is easily seen from the definition that the wave front set WF(u) c iT*X is a
closed cone (in the second component).

Now, if 1 : X = Y is a diffeomorphism between two open sets and w is a distribution on Y,
then ¢* WF (u) = WF(¢*u), where the pullback on the cotangent bundle is defined by

V(€)= (VT (W), (DY@ WNTE),  (3.€) €il™Y.
Thus, the notion of the wave front set of a distribution on a smooth manifold is independent of
the choice of local coordinates and is therefore well-defined.
Now let G be a n-dimensional Lie group with Lie algebra g and (7, ) a unitary representation
of G. Denote by J1(H) the space of trace class operators with trace class norm ||T;.

Definition 2.2. The wave front set of a unitary representation w is defined as the closure of
the union of the wave front sets at the identity of the matrix coefficients of m:

WF(m):= |J WF.((m(g)v,w)y)u{0} ciT)G ~ig".

v, weH

Here we use the convention that zero is always in the wave front set (contrary to Definition
because it makes the statements of the results for unitary representations cleaner.
Howe used in [How81] the equivalent definition

WE(m) = U WFe(Trr(T)) v {0},

TEJI(H)

where Tr,(T) := Tr(x(-)T), T € J1(H), is a continuous bounded function on G regarded as a
distribution on G by integration. The equivalence of these definitions was shown in [HHO16.
Proposition 2.4].

It is a well-known fact that the wave front set WF(7) c ig* is a closed, Ad*(G)-invariant
cone.

The following result provides another description of the wave front set which we will use in
our proof.

Lemma 2.3 (see [How81], Theorem 1.4 v)] and [HHO16, Lemma 2.5 (iii)]).

Let & € ig*. Then & ¢ WF() if and only if there is an open set e € U ¢ G on which the
logarithm is a well-defined diffeomorphism onto its image and an open set &y € V cig* such that
for every ¢ € C°(U) there exists a family of constants Cn (@) > 0 independent of both £ € V' and
T e Ji(H), such that

UGTrw(T)(g)6_2’”§(l°gg)¢(g) dg| < On(S)IT ™
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form>0,£eV,Teli(H).

For our proof in Section we need to know more about the dependence of the constant
Cn(¢) on the cut-off function ¢ € C°(G).

Lemma 2.4. For all N > n =dim(G) the above statement holds with the choice of the constant
CN(®) = On|9llwnrena where |@]ywra = Xajcnr D@l L1 is a Sobolev norm.

Proof. We may assume without loss of generality that in LemmaV = Bo. (&) for an % >e>0
and [&| = 1, and may prove our statement for £ € V' := B.(&) with €] = 1. Now, let U c G be
the open set given by Lemma and take U’ ¢ U open and x € C°(log(U)) a function on g
with x =1 on log(U’) c g. Then we can estimate for all ¢ € C°(U"), p = poexp e C°(g):

16.61)() = [ Tro(T) (@) 0% 0(g) dg = [ Trn (1) (exp(X)e 7 CON(X)p(X) dg

= f (fgTrw(T)(eXp(X))x(X)e*Q""(X)dX)(fgw(y)gw(nfrs)(mdy)dn’

ig*
and define Jyi(n) = fg Tr () (exp(X))x(X)e X)X and Ja(n) = fg o(Y)e2rnmOM) gy,
With the £ > & >0 chosen above we split up the integral as I(¢,£,T)(7) = I; + I where
5 plit up g €,

I::f J1(n)J: d71==f Ty (n)Ja(n)dn.
1 Iréonlser 1(n)J2(n)dn 2 B (r6) 1(n)J2(n)dn

For the first integral we estimate for n ¢ B, (7€) by estimation of the integrand and partial
integration, respectively

i< ITlixlee, | To(n)] < lelwwalré=nl ™

and therefore

< Tl s lelwna [ drg=al™dg =Tl elwna [ rYedr
|T&-n|=eT ET

= | Tl lelwrae™ e em,

For the second integral we estimate for 7 € B, (7€) with Lemma applied to x and mn €
B2e(£0) =V

i) < IThOn Ol ™, 1 T2(ml < Il < lolwa.

Since |n|| = (1 - 2¢)7 we have

Ll < |T|,C , f -Ng
[a| < [T]1CNn (X))ol - [n]~" dn
<|ThCn ) lelwra((1=28)7) " NC(er)™ < Cn|T 1] ellwnar N

This proves the statement with U’ as the open neighborhood of e € G and V' as the open
neighborhood of &; in ig*. d

Lastly, the following simple result gives us an idea why wave front sets might be interesting
for the decomposition of unitary representations.

Proposition 2.5. Let (w1, H1),..., (7k, Hi) be unitary representations of G, then
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2.2. Nilpotent Lie Groups. In order to prove Theorem [I] we use the structure theory of
nilpotent Lie algebras and Lie groups. The required results below are mostly from the book by
Corwin and Greenleaf [CG90].

Let G be a nilpotent, connected, simply connected Lie group with Lie algebra g of dimension
n and g* its vector space dual. By G we denote the unitary dual of G and by ig*/G the space
of coadjoint orbits.

The main results are the following two theorems:

Theorem 2 (see [CG90, Theorems 2.2.1 - 2.2.4]). There exists a homeomorphism G — ig* |G,
o O, and op < Oy = Ad*(G)I. For the continuity of the map ig* /G - G see [Kir62, Theorem
8.2] and for the continuity of the map G- ig* /G see [Bra7d|.

The structure and parametrization of the coadjoint orbits is given by

Theorem 3 (see [CGI0, Theorem 3.1.14]). Fixz a (strong Malcev) basis {X1,...,Xn} of g. Then
there exits a finite set D of orbit types. Denote by Uy c ig”* the union of all orbits of type d € D.
Moreover, all orbits in Uy have the same dimension d,.

For each d € D there also exists a cross-section 3gq c ig* of the orbits in Uy, i.e. each orbit
O c Uy intersects 3q in a unique point. Then

= |_| 4 gig*/G

deD

is a cross-section of all Ad*(G)-orbits.
Furthermore, for each d € D there exists a decomposition

ig" = Vs(ay ® Vr(a)
as a direct sum of vector spaces and a birational, non-singular, surjective map
Ya:Xa x Vs(ay > Ua
such that for each l € X4 its orbit is given by O = g (l7 VS(d))-
Remark 2.6. For d € D we know H; = L? (R%/?) for all € 5y, where d,, = dim O, for all [ € ¥,,.

Now, we collect the ingredients and underlying concepts of the main statements starting at
the level of nilpotent Lie algebras. These details will not only be presented as background
material but will be crucial for our own results.

Lemma 2.7 (see [CGI0, Kirillov’s Lemma 1.1.12]). Let g be a non-abelian nilpotent Lie algebra
whose center 3(g) = RZ is one-dimensional. Then g can be written as

g=RZoRY o RX &t =RX & go,

a vector space direct sum with a suitable subspace vo. Furthermore, [X,Y]=Z and go = RY &
RZ & o is the centralizer of Y and an ideal.

In order to study the coadjoint orbits we start with

Lemma 2.8 (see [CG90, Lemma 1.3.2]). Forl € ig* we define the bilinear form B;(X,Y) =
I([X,Y]) on g. Then the radical

(3) ={Xeg:B(X,Y)=0VYeg}={Xeg:ad"(X)l =0}

has even codimension in g. Hence coadjoint orbits are of even dimension.

They are actually symplectic manifolds with the non-degenerate skew symmetric 2-form w(l’") €
A?(TyOp) such that w(l’)(~(ad* X)I',—(ad* Y)I') =I'([X,Y]), I' € O;. Note that w is Ad*(G)-
tnvariant.
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Now, we are interested in how we can define an irreducible unitary representation of G' given
an element [ € ig* (with Theorem [2in mind).

Definition 2.9. A polarizing subalgebra for | € ig* is a subalgebra m c g that is a maximal
isotropic subspace for the bilinear form B;: g x g — iR.
They are also called maximal subordinate subalgebras for [.

Proposition 2.10 (see [CG90, Proposition 1.3.3]). Let g be a nilpotent Lie algebra and let
leig*. Then there exists a polarizing subalgebra for .

Now, for [ € ig* choose a polarizing m and let M = expm. Then x;(expY’) = 2™ ig g
one-dimensional representation of M since I([m,m]) = 0. Hence, we can define

g = Ind%(x;).

More precisely,

H; ={f:G — C measurable: f(mg) = xi(m)f(g) Ym e M and f 1f(9)|?dg < o0}
M\G
and
(0u(x)f)(9) = flgz) VzeG feH.
With this construction one can prove the bijection G = ig*/G.
The proof is by induction on the dimension of G. The inductive step is based an the following
statement.

Proposition 2.11 (see [CG90, Proposition 1.3.4]). Let gy be a subalgebra of codimension 1 in
a nilpotent Lie algebra g, let | € ig*, and let Iy = l|go' Let v; be the radical defined in Equation
(@, Then there are two mutually exclusive possibilities:

e Case I characterized by any of the following equivalent properties:

(i) v ¢ go;
(i) v > Ty
(i) v, of codimension 1 in v.
In this case, if m is a polarizing subalgebra for I, then mg = mn gy is a polarizing
subalgebra for ly; mg is of codimension 1 in m and m =1t +mg.
o Case II characterized by any of the following equivalent properties:
(i) v < go;
(i) v c s
(iii) v, of codimension 1 in tv,.
In this case, any polarizing subalgebra for ly is also polarizing for .
Even though this is a rather technical result its significance becomes clearer in the next

statements since we also know how the irreducible representations and the orbits of G and G
are connected in these two cases.

Theorem 4 (see [CG90, Theorem 2.5.1]). Let the notation be as above. Let p:ig* — igg be the
canonical projection and Go = exp(go)-
(i) In Case I, where t; ¢ go, we have

ol 2 Ul’GO and p:0Op— Oy, = Ad*(Go)ly is a bijection

(see Figure [1]).
(i) In Case II, where v, c gg, we have

o2 IndgO (01,), p(O) =] |(Ad"exptX)O,, and O, =p Y (p(O)),
teR
where X is any element such that g = RX & gg.
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igo !

FIGURE 1. Orbits of Gy and G in Case II of Theorem [4]

In order to nicely formulate the statements about the estimate of matrix coeflicients in Section
we introduce the following notation:

Definition 2.12. Let N be a nilpotent, connected, simply connected, nilpotent Lie group with
Lie algebra n and fix an inner product on n. Then for a nilpotent Lie algebra g we write
(g,(,)g) < (n,(,)n) if and only if g can occur in the induction process of n using the two cases
of Theorem [4] i.e. can be obtained via passing to a quotient by a central element or taking the
subalgebra of co-dimension 1 given by Kirillov’s Lemma [2.7] and the inner product on g is the
one it inherits from n.

We end this section with a technical lemma we will use in a proof in the next section regarding
the transition maps between two charts of G:
Let X € g with | Xo|| = 1. Given an inner product in g we consider the orthogonal decomposition
g=RX,®V as vector spaces and define Sx, : RXo @V - G,tXy + v~ exp(tXy) exp(v). Then
Bx, is a global chart by an argument analogous to [CG90, Proposition 1.2.8] (after choosing
a weak Malcev basis of g through RX, which exits by [CG90, Theorem 1.1.13]). Now, let
KX, = 5;{10 oexp : g — g be the smooth transition map. Then for each N € N the quantity
Cg,N =8Up| x, =1 [ 5x0 |0~ (Br(0)) 1s finite since it depends continuously on X € gt

Lemma 2.13. Let b c g be a subalgebra of co-dimension 1 or b = g/RZ a quotient with Z € 3(g)
and take compatible inner products on g and . Then Cy n < Cy N for all N e N.

Proof. We start with the case that h c g is a subalgebra of co-dimension 1. Then the exponential
map exp” on b is just the exponential map exp? of g restricted to . In particular, for X, € b
with | Xo|| =1 we have h = RXq @V and g = RXo @V @ b*, Vg =V @ b*. Thus, ﬁ?(o = ﬂ§'(0|h
and therefore HE{O =K%, lp and Gy n < Cy N

If h = g/RZ is a quotient with Z € 3(g) we consider the orthogonal complement W c g of
RZ in g and the vector space isomorphism ¢ : h - W such that pr: g - § corresponds to the
orthogonal projection. On the level of the Lie groups we have H = G/A with A = exp(RZ), and
exp”(X +RZ) = exp®(1(X))A € H, log"(gA) = log®(g) + RZ. B
Now, let Xo = Xo+RZ e b, [Xo| =1, and h = RXo®V}. Then ,8% (tXo+70) = ,Bf‘(XO)(L(tX0+v))A

0

since Z € 3(g), and /@% (tXo+7) = n?(XO)(L(tX0+v))+RZ = pry on?(xo)(b(tX0+v)). This finishes
0
the proof since the projection pry can only reduce the norm of derivatives. O
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3. PROOF OF THEOREM [I]

Let G be a nilpotent, connected, simply connected Lie group with Lie algebra g of dimension
n and g* its vector space dual. By G we denote the unitary dual. It is isomorphic to the space
of coadjoint orbits ig*/G. Let (w,H) be a unitary representation of G. Then we can write

® ®
(4) WEL c®m(™) du. (o), Hzfé HE™O) (o),

where m(7, o) keeps track of the multiplicity of o in . We recall that for such a representation
the orbital support of 7 is given by

O-suppr= |J O, cig®, supp(m)=supp(fir),
oesupp()

where O, c ig* is the orbit of the coadjoint action corresponding to o € G under the isomorphism
G = ig*/G (see Theorem .
We start by using the structure of nilpotent Lie groups and the unitary representations. By
Theorem [3| after fixing a strong Malcev basis of g we have

G =z igh)/G = Y= |24 cigh,

deD

where ¥ is a cross-section of all G-orbits and Y4 is a cross-section of all orbits of a certain type
d € D, which, in particular, all have the same dimension. Moreover, the set D is finite.
Thus, we can push p, forward to a positive measure on % and obtain

® em(m,or)
o dpg (1
[ pn (1)

®
® [0 () @
d

deD deD

112

™

With this decomposition we have

WEF(r) = |J WF(mq), AC(O -suppm) = |J AC(O - suppmq)
deD deD
by Proposition [2.5[ and the fact that AC (U}, S;) = ULy AC(S;).
Therefore, it suffices to show that

(5) AC(O -supp(my)) = WF(mg) VdeD.

From now on we fix d € D and may assume that all the irreducible representations in the
support of m are of the form o; for an [ € ¥; c Uy, where Uy c ig* is the set of all [ € ig* such
that its orbit O; = Ad*(G)I is of type d (see Theorem .

Our strategy in the proof of is to prove both inclusions separately in the following two
subsections. In both cases we begin with single matrix coefficients mg, ,(g) = (o (g)u,v), o € G
of type d. For the inclusion AC(O - supp(w)) ¢ WF(x) we find vectors u,v € H, such that
the Fourier transform F(m¢ ,) is bounded from below close to the corresponding orbit O,
(see Propositions and in Subsection [3.I). For the other inclusion WF(r) ¢ AC(O -
supp(m)) we show that far away from the orbit O, the Fourier transform of all matrix coefficients
mg ,, is rapidly decaying (see Proposition in Subsection |3.2). Since in both statements the

u,v
constants can be chosen uniformly for all representations o € G we can then use them to show
the desired estimates for the matrix coefficient my, ,(g) = (7(g)u,v) = fii mg! ,,(9) dpx (1) (with

corresponding u;, v; € HP™) which imply the relation of AC(O - supp(r)) and WF(r).
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3.1. Proof of the Inclusion AC(O - supp(w)) ¢ WF(w). For the first inclusion we use
Lemma [2.4] which states in our setting with n = dim g:

&£ ¢ WF(m) < JeeUcG,EeVeighVopeCOP(U)YVN>nICN>0:
(6) F({m(®)u, v)d)(tn)] < On | @l rsns ful [0t fort >0, neV, u,veH,

where the constants C'y may be chosen independent of both € V and u,v € H.
As mentioned above we need to find matrix coefficients whose Fourier transform is bounded
from below:

Proposition 3.1. Fiz an inner product on g. There exist C,e >0 and 1 > § >0 such that for all
¢ e Uq cig” we can find vectors uc € HZ, ve € He with |uc| = |v¢| =1 that depend measurably
on ¢ (i.e. the resulting map Uy - L*(R%*/2) = H¢ is measurable) such that for all n € Uy with
[n=¢| <e76 the following estimate holds for all non-negative ¢ € C(Bejepy-112(0)):

Re(fg(og(exp(X))uov<)¢(X)e*2m<X> dX) >C. fqu(X) dx > 0.

Before we can begin with the proof however, we will need to restate this proposition in a
more detailed version (see Proposition . This is necessary since we want to prove it by in-
duction over dim(g) and need a more detailed induction statement for this. We use the notation
introduced in Definition to specify the dependencies of the occurring constants. The proof
of Proposition will be based on the distinction of cases for subalgebras of codimension 1 as
in Theorem [d] We therefore distinguish the following cases:

i) If ((Z) = 0 for some nonzero Z € 3(g), we consider g = g/(R- Z), ( = pr;z+(¢) and find
that o¢lg oF and H, = 7—[2 analogously to Case I of Theorem {4 Thus, we can use for
o¢ the same vectors that the induction hypothesis applied to oF gives us and check the
desired estimates.

ii) If 3(g) = R-Z and ((Z) # 0, Kirillov’s Lemma gives us a subalgebra gy to which
we apply the induction hypothesis. Writing (p = prigé(C ) Theorem [4] tells us that

o¢= Indg , (0¢,) and this identification allows us to construct the desired vectors u¢, v €
H¢ from two vectors ug,,v¢, € cH¢, that are obtained from the induction hypothesis.
However, two difficulties arise: In a first step, we can only construct a distributional
vector in H % which we then approximate in the next step to find a suitable vector
in H¢. Furthermore, to estimate the Fourier transform of the corresponding matrix
coefficient we use a chart g - G resulting from the decomposition g = go ® RX given
by the Kirillov Lemma. In order to change to the desired chart exp : g — G we require
further estimations. For these we need an upper bound of the C'-norm of the matrix
coefficients which is also added to our second formulation of the proposition.

Proposition 3.2. Let N be a nilpotent, connected, simply connected Lie group with Lie algebran
and fiz an inner product onn. Let 0 < § <1 such that |sin(2mz)| < 2734M) for all |z| < 6. Then
for any n < dim(n) there exists a constant C,, > 0 such that for all nilpotent, connected, simply
connected Lie groups G with Lie algebra (g, (,)q) < (0, {,)n) and dimg =n, and all ( € Uy c ig*
we can find vectors u¢ € HE, ve € He with |uc|| = |ve| =1 that depend measurably on ¢ such
that the following estimates hold: For the matriz coefficient mu v (X) = (o¢(exp(X))uc, ve)
we have

[mug.ocleray < CallCl)
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Furthermore, with ¢ := min (1, (237 C,,Ca2)M?) we have for all € Uy with [n—¢| < 15 the
following estimate for all non-negative ¢ € C=°(B(e([¢[)72,0)):

Re(/gmuc,vc(xm()()e*?”(x) dX) 22’3”[g¢(X) dX > 0.

Proof. We prove this statement by induction on n = dimg. If n = 1,2, the group is abelian.
In this case the irreducible unitary representations are one-dimensional, i.e. o¢(g) = e?m¢(logg)
H¢ = C. We choose u¢ = ve =1 and compute |dx ., o (X)| = 27|, thus C, = 2.

For the estimate of the integral we have

Re(/g-(ac(exp(X))uc,UC)QS(X)EZM(X) dX) :Re(fge%(C’")(X)qb(X) dX)
- nge(e%(C-”)(X))a;(X) X = [gcos(2m’(n—()(X))¢(X) dXz%fgqb(X) dX

since [i((1~ O)(X)| < [n=¢[l- | X| <e™'8- ([ ¢])7* < & on supp ¢ and

- 1
(7) cos(2mx) =+/1—sin(2rx)2 > V1 - 2-3dim(n) > 5 Y |z| < 0.

Now we assume n = dimg > 3. We will distinguish between the two cases following Theorem

4l
Case I: ((Z) =0 for an Z € 3(g). Without loss of generality we may assume |Z| =1. We

can choose the orthogonal complement W < g such that g = W @ RZ. Then g = g/(R- Z) is
isomorphic to W and has a well-defined Lie algebra structure given by [v+RZ, w+RZ] = [v,w]q+
RZ since Z € 3(g).

On g we use the inner product induced from the one we fixed on g. Using the corresponding
inner products on ig* and ig* we also obtain an orthogonal decomposition ig* = iW* @ Ryz =
ig* ® Rnz with anﬂ =1.

Note that ig" is Ad*(G)-invariant (again due to Z € 3(g)). As we assumed ((Z) = 0, we
can identify ¢ with an element ¢ € ig*. Let n = 77+ rnz € ig* = ig* @ Ryy. By assumption
= (=)l < 2.

The induction hypothesis also gives us normalized vectors ug € ’H? s vz € HE' By Theorem (i)
Hf = H: and oFo P = o with the projection P: G — G. Thus, we obtain corresponding vectors
u¢ = ug € HE, v = vz € H¢ and compute

dtmu{’vg (Y‘f‘ tZ) = O,
105, M o (X +12)] = 105, Mo (X)) € Coma (€Y < Crma(€]1), for X €T with [Xof =1,
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and can choose C’n = C‘n_l. For the estimate of the integral we have
Ri=Re( [ (oc(exp(X)uc,ve)o(X)e ) ax)
Re( [ﬁ [R (o (exp(X +£2) Yuc, v ) (X + t2)e 212 15 dt)
Re ( fﬁ [ {oc(exn(R) exp(t2) uc, v)o (X +12)e 2 AXI 20D ¢ dt)
=Re (fg[R(aE(exp(Y))uz, %)qb(y + tZ)e_zw(ﬁ(Y)”’"Z(tZ)) dX dt)
= chos(—Qwrt) Re(/ﬁ(az(exp(f))uz, UE>¢(Y+tZ)€72ﬂﬁ(Y) dY)

_ sin(=2mrt) Im( fa (o=(exp(X) )z, v)o(X +12)e 2T df) dt.

Since |rt| < e 8|t| < & for X +tZ € supp(¢) we have cos(-2mrt) > 1 as in and |sin(-27rt)| <
2-3dim(n) 1o assumption. The induction hypothesis grants that the real part is non-negative
and we can estimate

R> /]R % Re (/§<JZ(6XP(Y))UZ’ vz, Yo(X + tZ)e‘zﬁ(Y) df)

— |sin(-2mrt)| ’ﬁ(az(exp(f))uz, Uz, (X + tZ)e*27rﬁ(Y) dY‘ dt
g

1 — ~ -2n7(X) 7y
> [ e flog(exn(Fu v 10X+ 12)e7 27 i)
- 270 [ g ug] o(X + £2) dX
g

Now we can apply the induction hypothesis to the inner integral to finish the proof in this case:
since [uz| = [vg| =1 we obtain

R> (2781 _g-3dim(m)) f f &(X +17) dX dt
R Jg

> (2*3"+2—2*3”)f¢(X) dX = 3-2’3”f¢>(X) dx.
g g

Case II: 3(g) =R-Z and {(Z) # 0. Kirillov’s Lemma gives us X,Y € g and an ideal
go € g with g = RX @ gg and [X,Y] = Z. We may choose X such that the decomposition is
orthogonal. Furthermore, X ¢ v; and we are in Case II of Proposition and Theorem [] with
Go = exp(go) ©¢ G a normal subgroup. We define a chart for G via

(8) B:g=g0®RX > G, Xy+tX — exp(Xp)exp(tX).
Let p :ig* — igg be the canonical projection and ¢ = (o + 2(x,n = no + rnx € ker(p)* & ker(p).
Then by assumption |z —r|=[({ -n)x| < 2.

By Theorem {4 we know o¢ = Indg0 (0¢,) with He = L2(A, He,), where A = exp(R - X).

Thus, if we regard u and v as elements of LQ(A,HCD) and 4,0 : G - H¢, the corresponding
left-Gy-equivariant functions we have for gy € Go and a € A:

(e (goa)u, ) = [ ([oc(g0)u) ()0 (), db  and
[o¢(g0a)@](b) = @(bgoa) = @(bgob " ba) = o¢, (bgob™ )i (ba)
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since b1 gob € Go as go is an ideal. This gives us [o¢(goa)u](b) = a¢, (bgob™)u(ba).
Furthermore, the induction hypothesis gives us measurable, normalized vectors u¢, € H¢,

v¢, € He¢o- In order to find the suitable vectors u¢,ve € H¢e we begin with a cut-off function

XeCP(A) with0<x<1, x=1o0n exp([—%, %] -X) and | x| 2 = 1. Define

U = Xe%zcx(’log ® ug, € Cg"(A,”HEE), Ve = 0 ® Vg, € HE‘X’.

With these we can compute

R Re( [ (o (B uc.veho(X)e 210 ax)

:Re( fg 0 JA ( | (e (bexp(X0)h yuc(be ™), e (0) db)~

B(Xo + X )e 2 Xo)rrx (LX) g x, dt)

:Re( [/ ( | {06 (bexp(Xo)b™ Yug,, v, x(bet X )= (s g (b db) -
go JR
#(Xo +tX)e—27T(170(Xo)+T77x(tX)) dX, dt)

= Re([go [R<JC0 (exp(Xo))uCO,UCD)X(etX)eQMCX(tX)(;S(XO +1X)e2rmo(Xo)+rt) gy dt)
= /Rcos(27r(z - r)t)x(etX)Re([go(ago (exp(X0))ucy, ve, Yo (Xo + £ X )e2mm0(X0) dXO)
—sin(27(z - 7)t)x () Im (/g (¢, (exp(X0) ey, Ve, )d(Xo + tX e 2™ (X0) dXO) dt.
0
Analogously to Case I we have |(z —7)t| < e7§|t| < 6 for Xy +tX € supp(¢) and therefore

cos(2m(z —r)t) > 5 as in @ and |sin(27(z - r)t)| < 27394 by assumption.
Again, the induction hypothesis grants that the real part is non-negative and we can estimate

. —<mno(Xo
R> Aix(etX)Re([QO<UCO(GXP(X0))’U,CO’UCO>¢(XO+tX)e 27n0(Xo) dXU)

- |Sin(2ﬂ—(2 - T)t)b((etx) ‘f <0C0 (exp(XO))uCo V¢ >¢(X0 + tX)e_Qmm(XO) dXo| dt,
go

and by unitarity of o¢,:

1
R> fR§x(etx)Re([ <UCo(eXp(X0))uCoaU§0>¢(X()+tX)e_27”70(X0) dXo)
go
=2 () [ g g [6(Xo + £X) dXo
0

Now we can apply the induction hypothesis to the inner integral to finish the estimation:
since |ug, || = [vg, || = 1 we obtain

R> (273(n 11 _g-3dim(m) fR f (e X)B(Xo +£X) dX, dt
go

> (2—3’”“2—2-5”")[]R[go é(Xo +tX) dX, dt:3«2‘3”fg¢(X) dx,

where we used that x oexp =1 on supp ¢(Xy + o) for all Xg € go.
However, v¢ is only a distributional vector. But we can approximate it by smooth vectors:
there exists a sequence (¢), ¢ Co°(A) converging to the delta distribution d. in D'(A) with
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l@nlr: =1 for all n e N. We define v’g = ¢, ® v¢, and study the functions

(9) My, (X) = (¢ (B(X))ug, vf) € C=(g).

We can show that on a compact set they have a uniformly convergent subsequence by the
Arzela-Ascoli theorem (see [Rud76, Theorem 7.25]) - for details see the next Lemma Since
Mui’vlg = My, v = {oc(571(X))uc,v¢) € C®(g) point-wise we have on supp ¢

) -3n
INeN: ||Mu<,véV = Mugoc L= (suppg) <277

We can now choose vév € H¢ and estimate
Ry = Re(/g(ag(ﬂ(X))uQvév)¢(X)e_27”’(X) dX)
e [{oc(BO0uc. v0)o(X)e =) ix )
~Re ([ (0800 e, ve) = (o (B e, ) o(X)e#C) ax)
X X)e?™X) gx
>R [ (06 (B0 e, ve)o(X)e )
- ‘fg((ﬂg(ﬂ(X))uc,w)— (oc(B(X))uc,vl)) p(X)e ™) dX’,
and by induction hypothesis and the choice of vé\' :
RN 2 3273n‘/g-¢(X) dX - HMuC,véV _Mu(ﬂ}g ”L""(suppzb) L¢(X) dX

> 2-2*3"-/(;5()() dx.
g

In order to prove the upper bound of the C''-norm of these matrix coefficient M, ol We possibly
make N larger such that || ad(exp(sX)|op < 2 on supp ¢ and compute for Xy € go with | Xo| = 1:

0, M,y (Ko 13| <[ o (), 0 Mo, (3 () o) (%) s

< 2| Mug, v, lor lonllor < 2Cn-1{[oll)
by induction hypothesis. In the remaining direction we have:

|04, M, ~ (Xo +tX)|

U¢,v
fR Mug, e, (ad (esX) Xo) (X' (e(s+t)X) e2miz(s+t) | X (e(s+t)X) 2m262m‘z(s+t)) ds

< [x"lloo + 272

Thus, if we choose C,, := max(|[x’[ oo, 2Cn_1,27) we have
|My oy ler < Comax(([oll), |21) < Cufl€])

Now, recall that the matrix coefficients M, N are defined via the chart 8 from , S0 it remains

to transform this back to a matrix coefficient defined with the exponential map in order to finish
the inductive step. Thus, we define the transition map x = f~oexp : g — g to replace the matrix
coefficient Muc’v? (X) by the matrix coefficients Moy o (X)= Muc,vév (k(X)). For the C'-norm
of these matrix coefficients we immediately see with Lemma that

Mug,vév ”Cl < Cﬂyléf’L(HCH)a

Imucoxlor < [Drlloo | My ox or < Coal
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and can choose én := max(1, C’nyl)CA'n > C‘n In order to estimate the Fourier transform we look
at the following difference in X € supp ¢:

[0 030 (X) = My o3 (X)] = [My oy (X) = My o5 (X)) < [ My oo [6(X) = X
by the mean value theorem. If we use the Taylor expansion of x in 0 we have since Dok = Idg:
[5(X) = X < |k 2| X[* < Cn,2 diam(supp(¢))?,
using Lemma again. Therefore, we have for all X € supp(¢):

|1 Cn 2 diam(supp(¢))?
w28 (€))7 = CpChpe® <2777

[ 03 (X) - uC,N(X)I | My o

CudlC]

by our choice of €. With this we can estimate

)C

Re(fmuw,v(X)gﬁ(X)e*%"(X) dX)
—Re(f ey (X)X 27100 dX)
+Re(fg(mu< 2 (X) = My (X)) 6(X)e ) ax)
222 [ 6(X) dX — [ o (X) = My (OI6(X) dX 227" [ 6(x) ax
This is the desired estimate. 0

A technical lemma used in the previous proof:

Lemma 3.3. Let K c g be a compact set. Then there exists a uniformly convergent subsequence
of the matriz coefficients M,_ ol (X) = (ag(ﬁ(X))uC,vC) e C®(K), k € N, defined in the
previous proof (see (@)

Proof. The matrix coeflicients are uniformly bounded:

w
(W)l = ‘/M%(bexp(Wo)b*l)Ucmvgo)X(beW")62”5’((1‘*“’e Doy (b) db

| U4v
< H%IHI%HHXHwL|<pk(b)| db = |x[ee VW =Wo+Wxeg, keN.

Furthermore, their derivatives are bounded on K:

Ox M,

ug,v¢

(W) = ] (o5 (O + ) Jug, o)
= %Lzo(oc(exp(wo) exp(Wx) exp(tX))uc, vlg)
= (o¢(exp(Wy) exp(Wx ) )doe (X )uc, v’g)

Here do¢(X)uc(d) = ((Tbx)(X)eQ”ZQ‘(logb) + X(b)27rzeQ”ZCX(1°gb)) ® u¢, where Ty is the tan-
gent mapping of x at b € A. With computations as above

10x M, o (W] < | Taxe®™xe08 4 x2mae®m=ex°8 || < | Tx ||, | X | + 272 [ X[ o

’LLC’U
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For the other directions Xy € go we compute

d
Oxa My (W) = 2| (o (exp(Wh + X0) exp(Wix))uc, vf)

B dt‘t=0
d il - mzCx (log(be"Vx
= 2| o (bexp(Wo) exp(tX0)b™ Yugy, vg, (b ¥ )27 05D (1) ay

* \ Tz eV
= [ (e (exp(Wa)b™ )doc, (Ad” (0) Ko )iy, v (b ¥ )2 =6x o5 o, 1) a,

{o¢ (exp(Wo) exp(tXo) exp(Wx ) uc, vé)

where X, = f01 e~*2dWo X ds (see [DKOI, Theorem 1.5.3]).
For W e K we can find constants C7,Cs > 0 such that

adWoH _ 1

- 1 , T el
Kol < [ e ™ol Xo] ds < | Xol [ eIl ds < ||

——— < 1| Xo|,
ey SOl

| Ad”(8) Xoll < | Ad"(5)||Xo < C2C1 [ Xo].-

Let {X;} be a orthonormal basis for go. Then there exists a constant C3 > 0 such that
[do¢, (Xi)ue, | < Cs for all i. Now write Ad*(b)Xo = 3. o X; and we have

HdJCo (Ad*(b)XO)uCo H < Z |al| Hdaﬁo (Xi)uCo H
< Cydim(go)|| Ad* (b) Xo| < C1CoCs dim go || Xo .

With C := C1C5C35 we can estimate as above

0, My ()] < Il v, | o, (Ad* (0) Ko ug lon ()] db
< C dim(go) | Xo || -

This implies that the M, cob are uniformly equicontinuous on K: Let € > 0 and choose § <

e(dim(g) M)t with M = max {|Tx| ., | X +27|z| | x|.. , C dim go||x|le } < o0 on the compact set
K. Then for |[W -Y| < we have for some 0 <6< 1

My (W) = My e (V)] < VM, (W 40 = W)W = Y| < §dim(a)M <<

¢HY

The Arzela-Ascoli theorem (see [Rud76, Theorem 7.25]) states that the uniform boundedness
and the uniform equicontinuity imply the existence of a uniformly convergent subsequence. [

Now we can turn to the desired statement:

Theorem 5. Let G be a nilpotent, connected, simply connected Lie group with Lie algebra g
and (m, Hr) a unitary representation of G. Then

AC(O -suppm) c WF(7).

Proof. Let £ e AC(O—suppm). We may assume without loss of generality that |£| = 1. Defining
the cones C. := {p eig* | 3¢t >0: |£—-1tn| < e}, then for all £ > 0 there exists a sequence
(tm"]m)m cC.nO- supp(?T) with t,,, - oo and 7, € Be(f)a Han =1

We now use Theorem [3} For all m € N let [,,, € 4 be the corresponding element in the cross-
section of all orbits of type d, i.e. O, = Oy, . Then there exists vy, € Vgqy with t,,nm, =
Ya(lm,vm). For | € X4 near l,, we define ¢; := ¥4(l,v,,) € O; which depends continuously on [
(see Figure [2).

Now let 0 < 6 < 1 be as in Proposition [3.2] Then there exists a neighborhood N,, c X4 of I,,
such that ¥g( Ny, vm) € Bs(tmnm) and (N, ) > 0 since 1, € O —supp(w) (see also Figure .
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b =0

m

l
N,, Xa

FIGURE 2. The choice of I,,, and N,,.

Applying the above Proposition to (;, | € N,,, we obtain measurable, normalized vectors
Ug,, Ve, € He,. Since 0p = o¢, and H; = H¢, we have corresponding measurable, normalized vectors
ug, vy € H;. With these we define

w™ = (i (N )3 fz v, (D dp (1) € Har,

since the u; are measurable in [ and |u("™ 15, = (ua(Nm))™! Js, xn,, (D) w I1? dur (1) = 1. We

define v("™) € #, analogously.

Recall that Proposition only gives us a lower bound for large || for functions ¢ with a
small support, more precisely the support of ¢ shrinks proportional to (|¢|)~/2. Thus, let ¢ be
as in Proposition and ¢ € C°(B.(0)) be non-negative, p = ¢ olog. To adapt its support
we define ¢, (X) = (tn)20({tm) /2 X) € C(Bet,ny-112(0)); pm = ¢ o log. With this choice
[mlzr =62t and [m|ww.r < (tm)¥/?| s Then, by definition of Ny

F(m(0)u™, 0™) 01 ) (tintiin)|

[ [ @) oy e (g)e 05 dg dp (1)

Re( [ [, (ne)) orlg)un, oo ()27 0% dg dpe (1) )|
~ )| [ Re( [ for(exp ()i v (X627 00 4 ) dian (1)
Prop. B2

>

S5 e (M) [ 20 d (1) = 27588 ] ) o)

We can use this to show that £ €e WF(7): If we assume that £ ¢ WF(7) we can employ Lemma
(see also (). It states that there exist e1,&2 > 0 such that for all ¢ € C°(exp(B.,(0))) and
all N >n:

[F((m(o)u,v)) ()| < Onlplwaena ful[o]t™ ¥ u,0 € He, € Be, (€), ¢ > to.
For our sequence chosen above this means we would have
F((m(@)ut™, 0 ) o) (i )| < ON [ @l ™ 08,

< Cnlpllwena [ul™ o™ () FH2EN.

>

Since (t,, ) (N2 N ¢ O (tS,?_N)/Z) our estimations above show that this is not true for N > n.
O
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3.2. Proof of the Inclusion WF(w) c AC(O -supp(w)). For the proof of this inclusion we
again find explicit microlocal estimates of individual matrix coefficients which we again obtain
via induction over the dimension of g. For the formulation we use the notation introduced in
Definition 2.12] once more.

Proposition 3.4. Let N be a nilpotent, connected, simply connected Lie group with Lie algebra
n and fizx an inner product on go. Then for any n,N € N with N > n there exists a constant
Cn,n >0 such that for all nilpotent, connected, simply connected Lie groups G with Lie algebra
(8,(,)g) <(n,(,)n), dimg =n, and for all 1 > e >0 there exists a neighborhood U c g of 0 such
that the following estimate holds for all p € C°(U), l,neig* and all u,v € H;:

‘fg(az(eXP(X))%U)Hl¢(X)€_2m(X) dX | < Cr v lul2g, [0]3 10w ven () (d(Bejy (n), O0)) Y,

where dX the measure associated to the inner product on g.

For the proof of Proposition we distinguish the same two cases as in the proof of Propo-
sition [3:2} We want to outline our approach in each case:

i) If 1(Z) = 0 for an Z € 3(g), we consider g=g/(R-Z2), [ = pr;g+ (1) and find that 0|5 = o7
analogously to Case I of Theorem [d] Thus, we can express the Fourier transform of the
matrix coefficient of o; in terms of the Fourier transform of the corresponding matrix
coefficient of o7 and apply the induction hypothesis. To find the desired estimate we use
the orbit structure pr;z(O;) = O7.

ii) If 3(g) =R-Z and I(Z) # 0, Kirillov’s Lemma gives us a subalgebra go, lo = prg«(l).
Since we are in Case II of Theoremwe know that o; = Indg0 (01,). Thus, we can express
the Fourier transform of the matrix coefficient of o; using the Fourier transform of the
corresponding matrix coefficient of oy, apply the induction hypothesis and use the orbit
picture prigs(Oc) = Ler(Ad" exptX)O;, and O = pri_gl8 (prigs(OC)) in the estimates.
However, we again face some difficulties: In order to express the Fourier transform of
the matrix coefficient of o; using the Fourier transform of the corresponding matrix
coeflicient of o0;, we use a chart g - G resulting from the decomposition g = go ® RX
given by the Kirillov Lemma. In order to switch to the desired chart exp: g - G we
apply the Fourier inversion formula and use non-stationary phase. Due to the latter
we have to consider neighborhoods whose radius grows proportional to the norm of its
center. But this is no problem for us and actually matches the conical property of the
wave front set and the asymptotic cone.

Proof. We prove this statement by induction on dimg. If n = dimg =1 or 2, the group is abelian.
In this case the irreducible unitary representations are one-dimensional, o;(g) = e2mt(og9) " and
have a zero-dimensional orbit O; = {I}. We compute

| [totexp X)u0eo(X)e 21 dx| =| [ 6(g)e 0 x| =16 - D] Jul- bl
g g
Fixing an inner product on g we obtain a corresponding one on ig*. Now let {X;}I, be an

orthogonal basis for g and pick j € {1,n} such that [({ - 7)(X;)| is maximal.
With this choice we have for N e N and [ £ 7

6Dl = [@r(t-mx,)™ [o(x)oR, et Oax]
< @) Ma-mEN [ 19Y (X)X

_ N _ _
< @m) N Ll N Slwsaie S Conldn D) N 6l wrena o).
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The claim now follows with U = g since d(l,7) > d(B.|,(n),!) for all £ > 0.

Now we assume n = dim g > 3. We will distinguish between the two cases:

Case I: I(Z) =0 for an Z € 3(g). Given the inner product on g let W < g be the subspace
such that g = W @ RZ is an orthogonal decomposition. Then g = g/(R- Z) is isomorphic to W
and has a well-defined Lie algebra structure [v +RZ,w+RZ] = [v,w]y + RZ since Z € 3(g).
Given an inner product on g we choose one on g such that the decomposition above is orthogonal.
Furthermore, without loss of generality we may assume ||Z]|| = 1. Using the corresponding inner
product on ig* we also obtain an orthogonal decomposition ig* = iW* ® Rz = ig* & Ryz with

Inzl = 1.
Note that ig* is Ad"(G)-invariant (again due to Z € 3(g)). We can identify ! and its orbit

OF cig* with an element [ € ig* and its orbit OZG cig”, respectively.
Let n=%+7rnz €ig* =ig” @ Rnz. Then by the choice of the inner product we know d(n, OlG 2=
d(m, OZG)2 +7? and assuming d(B.,|(n),0;) >0 we can estimate

d(Bey (1), O1) =d(n, Or) —e|nl = \/d(@, O)% + 12 —e|n|| <d(7, O;) + 1~ €]
<d(Bez(m), O7) +e|n| +r —elnll < d(Beym(m), O7) + 1,

since |7 - || £ 0. This implies that we are either in the case
1 _ a1
(10) a) > §d(Be\|n|\(77)7OzG) or  b) d(B.z (1), 0F) 2 §d(Ba\|n|\(77)7ozG)~

Turning to the integral we want to estimate:

o= ‘ fg (01 (exp( X)), v, S(X )e 2710 gx

= o1(exp(X +t2))u,v)y, &(X +tZ e 2 (XH2) I gt
[ [ (ot l
9

-|[] <al(exp(Y)exp(tZ))u,v)Hl¢(Y+tZ)e*%@(Y)*mZ(tZ»dYdt‘
§JR

= o(exp(X))u,v)y, (X +tZ e~ 2 ((X)+rnz (02)) X gy
< ( ( l
g JR

The last equality is due to I(Z) = 0 which implies o;(gexp(tZ)) = 0y(g) for all g€ G, t € R.
We start with case a) of and define

a(t) = fﬁ (01(exp(X) ), )3, (X +12)e 2T §X ¢ C=(R).

Then by integration by parts (as in the abelian case with [ =0 and u = v = 1) we obtain

[9)a)

T=| [ o0 dt] < Cllwnamr™ T2 Corldlwnens ey (d(Beta) (), OF) .

The claim now follows in this case with the following estimation:

~ N+n -
[6lwena@y = 2 105 bl gan
k=1

N+n = _
<y fR [ [(o1(exp(X) ), v}, 0 (X +12)e )] X dt
k=1 g

N+n o .
<fullol Y [ [E|af¢<X+tz>| dX dt < Jul ol ¢lwnenr g)-
k=1



20 JULIA BUDDE AND TOBIAS WEICH

Now let’s turn to case b) of . Note that by Theorem {4 (i) we know H; = H; and o;0 P = 0y
with the projection P: G - G.
Thus, we have

/= ’ﬁA(az(exp(Y»u,v)H;qs(%tZ>e-2’f<ﬁ<Y>+mz<tZ>>dY dt|.
g
Now define
o(X) = [ (X +t2)e " dt < CF (@),
R

and choose the neighborhood 0 € U c g such that supp¢ ¢ U c g given by the induction
hypothesis applied to g. Then

J = ‘ fﬁ(az(eXp(Y))u,v)quB(Y)e—zwi(?)dy

(IH) y N AG\—
< Coet v [ull[o] 1]l en-1.1 ) (d(Beysy (), OF )~
([9)v) y _
B2 Gl o131y gy (A By (. OF ).
The claim now follows in this case with the following estimation:

[élwrenagy = > 10761 gam

|a|<N+n
_ (e’ N —27mirt B
_;fﬁ fRaﬂa(XHZ)e dt‘ dX
SZfE[R|8%¢(Y+tZ)| ditdX < [ @lwrenicy-

Case II: 3(g) =R-Z and I(Z) # 0. Kirillov’'s Lemma gives us X,Y € g and an ideal
go c g with g=RX @ gy and [X,Y] = Z. We may choose X such that this decomposition is
orthogonal. Since dim(3(go)) > 1 as Z,Y € 3(go) we are in Case I in the induction hypotheses
for Go . We define a chart for G via

B:g=g0®RX > G, Xo+tX — exp(Xp)exp(tX).
Since X ¢ t; and we are in Case II of Proposition and Theorem [4

prigt —>igs, lo=p(1),m0 = p(n), OF° = Ad*(Go)l,

p(OF) = | |(Ad" exptX)O5°,  OF =p™ (p(OF)).
teR

where Go = exp(go) c G is a normal subgroup. Note that we also have an orthogonal decompo-
sition g* = Rnx @ g§, nx(X) = 1, which gives us for all a € A = exp(RX):

d(10, OLS. (ay1,) = (0, Ad* (0)OF°) = d (10, p(OF)) = d(n, OF ).
Assuming d(Be (1), OF) > 0 we can estimate
(1) d(Bapy (). OF) = d(0,0F) - el < (o, O3 ) ~ <l
= d( B (10)s O3 ayi) * €m0l = €11 < d(Bepng (10), O3 i)

since |no| = 7] 0. In addition to that we have 5 =no +nx with nx € ker(p).
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We start by estimating the following integral and deal with the transition from the chart g
to the exponential chart later on.

J(¢,n) = ’[g(al(ﬁ(X))%U)quzﬁ(X)e‘z””(X) dX

= ’/ ‘/R<Ul(eXp(X0)eXp(tX))uaU)?—Ll(i)(X() +tX)e_27r("°(X0)+mX(tX))dXO dtl .
go

By Theorem |4 we also know o; Indgo (01,). Note that H; = L?(A,H;,). If we regard u and
v as elements of L*(A,H,;,) and 4,7 : G - H;, the corresponding functions in the ’standard
model’ we have again

(o1(goa)u v, = [ (o1(g00)u)(8). v(B))ae,, db  and
[o1(g0a)ii] () = ii(bgoa) = @(bgob™"ba) = a1, (bgob™"Yii(ba)

since b~1gob € Gy as go is an ideal. This gives us [o;(goa)u](b) = o7, (bgob™")u(ba).
We deduce that

s =| [ [ (e e, o0, ).

(X0 + tX)e—%(no(Xo)’r”lx(tX))dXO dt‘

<J.J,

o1, (bexp(Xo)b™ D u(be™), v(b) gy, ¢(Xo+tX)e 20X gx,|.
(o1, (bexp : to
go
|e72mrx (0 qp at.
The conjugation Cy, : G - Gy, go = b~ ! gob is a group automorphism and we know that y;, oCj, =
XAd*(b)i, for the character x;, such that oy, = Ind(]\;/[0 (X10)s M = exp(m) for a polarizing subalgebra

mc go. Now, Ad(b)m is a polarizing subalgebra for Ad*(b)ly and C;* M = exp(Ad(b)m). Thus,
[CGI0, Lemma 2.1.3] gives us

TAd* (b)ly = IﬂdgglM(Xlo 0 Cy) = Ind§? (x1,) © C = 01, © Cb.

We choose U c g such that for all ¢ € C°(U) and Xo+tX € U we have supp(¢(e+tX)) c Uy < go,
where 0 € Uy c go is given by the induction hypothesis for Go. We apply it to Ad*(b™1)ly instead
of lo:

J(¢,m) < fR’/A‘/ (010(bexp(Xo)b_l)u(betX),U(b))HZU¢(X0+tX)e_2m’°(X°)dX0
go
|e—27r7"r]x(tX)| db dt

(IH) ix
< [ [, Corn 6o + £ wscsis gy [u(be ™Y, [0,
{d( Bl (10): O oy, ) b dt

Cot (Bt (- O0) ™ [ ([ I Taxpiiyu®lpes, 1)t db) 100 + 43 ygwens de

< C’n-1,N(d(Bs|\n\|(77)7Ol))_NfRHTexp(tx)UHm [vfla, (e + EX) [wrnenigoy dt,
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where Teyp(:x) is the translation by exp(tX) € A which is an isometry on #H; L?(A,H,,). This
gives us

J(6,1) < Cr N {d(Beyyy (1), 00)) N |ulae, v ]2, fRH¢('+tX)HWN+m1(gO) dt

G By (), O0) fulsa ol [, 5 [ 108, 6(Xo + 1) |dXo di

|a|<N+n

AN

< C N (d(Beyy (1), O)) N 2, [0]3¢, |6 v v (g,

Now let k= 37t oexp:g— g be the transition map. Then the integral we are interested in can
be written as

F = | [[(oexp())u v o(X)e ) ax|

| i) b ()80 200 dx |,

where x € C2°(g) is a cut-off function with x = 1 on supp(¢). The Fourier inversion formula
yields

F= \ fig* F ({a1(B(2))u, 02, x(9)) (€) [ $(X)e 2rO-E(XD) gx dg‘.

Now, F (o1(8(e))u,v)#,x(9)) (§) = J(x,§) from above. Furthermore, we can use non-stationary
phase to estimate the inner integral

1(¢,6.7) = /g¢(X)e’2”(”(X)_§(”(X)) dX = [g¢(X)e—2wda<n(x>—s<~(><)>/d5 dx,

where d. = d(Bj¢|(£),n) > 0 is assumed. With the phase function f,,(X) = - (n(X)=£(x(X))
we have dx fe ,(X) = i(n - &0 Dk(X))) where Dr(X) : g — g is the differential of k in X.
Since Dk (0) =1 we have

[§ o Dr(X) - ¢] < Sup | Dr(X) = 1]l[] < ]l
after possibly shrinking the neighborhood 0 € U c g. This gives us

In=&o De(X)| 2 In-¢l —€lé] =de: = ldx fen(X)|2 1.
With [H6r03, Theorem 7.7.1] we can estimate

11(6,&,m)| < Cn K] ovsn | @ gyd(Bejey (£),m) ™.

Note that Hérmander uses on the right hand side instead of the Sobolev norm of ¢ the term
Ylajen SUPy [D¢(X)|. But when you take a closer look at his proof one finds that these suprema
occur as an estimate of the integral of ¢. Hence, they can be replaced by the Sobolev norm.
Furthermore, by Lemma we have |k|cwv+1 € Cg n < Cy n and therefore can be absorbed
into the constant Cy (since this may depend on n in our statement).

In order to prove the desired estimate it suffices to prove it in the case that d(Bej,(n),Or) >0
which is equal to

(12) elnl < d(n,O1)

and implies that %d = %d(n, Op) <d(Bgz)n(n), O1) =t d.j3. Now, we split up the integral:

FI::

f]3(1/2d€/37n) J(X75)1(¢,§777) d&‘a FII = ‘[ig*\B(d/zlm) J(X,§)1(¢7§,n) df .
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Since the two domains of integration are overlapping we have F' < F| + Fy.
With the estimates above (with § instead of €) we obtain

Fr < G, n{d(Be o) (€), O™ |ullae, [0, [ x N vsmr (g 1] 11 (0 d2y5-
For all £ € Br(n), R = %dg/g, < 1d(n,0)), we can estimate

(13) A(Bjoje(€).0) 2 d(n,01) = R~ ] 2 d(n, O1) = (1 +<[9) R~ C |

> (A0, 01) = =f31n]) = (B (1), O0)
This gives us
Fy € G Ad(Bugay (1, O0) " [l ol [
< G N{d(Bepyy (1), O0) ™" g, [0, 6w v g9,
since d(Bg|y, (1), O1) < d(Bg/z)y (1), O1) and =N +n < 0.

For the second part we use the above estimates again with § instead of e:

Frr < On[olwnag X @ lula vl f d(Bejje) (€),m)~" dé.

ig*\B(d/4,m)
We estimate with r = [€ =7 > 1d(n,O;) and e < 1

12
ABopoie1 ) = I =l = el > (1-5) =Sl 5 (1-5) - S 00)
2(1—£—é)r23r

and therefore with polar coordinates

4

N oo
Frr <On|¢lwna g lulae vl (g) fd/4 po N1 g

1 -N+n
= On ol gy Il [0l d(n, O

< Co N Dl gy ltelag, v ]2, d(Bepy (1), 0) N,
since d(Bc|, (1), 01) <d(n,O;) and =N +n < 0. O

Corollary 3.5. The statement of the previous Pmposition also holds for u,v € H;eml with
multiplicity m; e Nu {oo}.

Proof. For u e HP™ we have u = (u1,us,...) with (finitely or infinitely many) 0 # u; € H; and
1/2
i luill3y, < oo, Jul = (X Juil®) """ Thus

| [onexp (O, v d(X)e 20 x| - ‘ I S ton(exp ()i i (X)) dX’

Z [g(al(exp(X))ui, 03)30, p(X )e 2 d)(’

Prop. @ _
< Cun [8lwvm gy {d(Beyy (1), O0)) ™ 3 il - v

1/2 1/2
< G |9 llwvn. gy (d(Bepy (1), O0)) ™ (Z s |2) : (Z |Ui|2)

= Co [ @llwen gy {d(Beyyy (), O)) N ul - o]
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where the interchanging of the order of integration and summation in the second equality is
possible since |(o7(exp(X))ug, v;)p(X)e 21| < g - |vg] - |o(X)| € LY (N x g). O

This inequality whose constant is in particular independent of [ € ¢g* now helps us to estimate
the matrix coefficients of the big unitary representation 7 using its direct integral decomposition
into the irreducibles o;.

Theorem 6. Let G be a nilpotent, connected, simply connected Lie group with Lie algebra g
and (m, Hr) a unitary representation of G. Then

WF(7) c AC(O —suppm).

Proof. Let n ¢ AC(O —suppw), wlo.g. |n| =1. Then there exists € > 0 and o > 0 such that
d(tn, O —suppm) > 2et for all t > tp. In particular, for all | € suppm we know d(tn, O;) > 2¢t

which implies d(Be(tn), O;) > et.

®

Again, we use H, = [Ed H, m(ma) dux (1) for the Hilbert space of the unitary representation

m. M u=(u),v=_(~v)eH, u,v € ’H;Bm(mol), in this direct integral decomposition the matrix
coefficient is

(w(ayw.v) = [ (o(gyu.m) dius ().

Let U c g be the neighborhood of 0 from Proposition Corollary with ¢ as chosen above
and let ¢ € C°(U) with ¢(0) # 0. For t >ty and ¢ := polog e CZ°(G), ¢(e) 0, we conclude

F (e o)t = | [ (m(g)u,o)p(g)e 105 dg
| [ L ogue(e)e =105 du 1) dg
| ([ tortaym msogg)e 210 dg) dus 1)
< [ | ftenexpoyum,me(x)e = ax| aus()
[ Gl ol |6l o (@ Ber (), O0) ™ dias (1)

< Cololwmae™ ™ [l -l dpa ()
d
.

< G l8lwagye™ lul, - [0lx,
This implies n ¢ WF.((7(®)u,v)). O
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