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The article introduces a method to learn dynamical systems that are gov-
erned by Euler-Lagrange equations from data. The method is based on
Gaussian process regression and identifies continuous or discrete Lagrangians
and is, therefore, structure preserving by design. A rigorous proof of conver-
gence as the distance between observation data points converges to zero is
provided. Next to convergence guarantees, the method allows for quantifi-
cation of model uncertainty, which can provide a basis of adaptive sampling
techniques. We provide efficient uncertainty quantification of any observable
that is linear in the Lagrangian, including of Hamiltonian functions (energy)
and symplectic structures, which is of interest in the context of system iden-
tification. The article overcomes major practical and theoretical difficulties
related to the ill-posedness of the identification task of (discrete) Lagrangians
through a careful design of geometric regularisation strategies and through an
exploit of a relation to convex minimisation problems in reproducing kernel
Hilbert spaces.

1. Introduction

The identification of models of dynamical systems from data is an important task in
machine learning with applications in engineering, physics, and molecular biology. Data-
driven models are required when explicit descriptions for the equations of motions of dy-
namical systems are either not known or analytic descriptions are too computationally
complex for large scale simulations. This contribution focuses on structure-preserving
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machine learning of dynamical systems based on Gaussian process regression and Gaus-
sian fields. The framework allows for a rigorous convergence analysis and numerically
efficient uncertainty estimation. The proposed method is a Lagrangian-based data-
driven model. Let us briefly contrast the approach to Hamiltonian data-driven models
and other Lagrangian-based models.

Hamiltonian data-driven models Physics-based, data-driven modelling aims to exploit
prior physical or geometric knowledge when developing data-driven surrogate models of
dynamical systems. Recent activities have developed methods to learn Hamiltonian
systems, i.e. systems of the form

t=J'WH(z), J= (OdXd 1dXd> H: R** — R (Hamiltonian),
Laxa  Odxd

or port-Hamiltonian systems from data by approximating the Hamiltonian, pseudo-
, or port-Hamiltonian structure by neural networks or Gaussian processes [25], 211 [7)
43, [41], 17]. Additionally, Lie group symmetries are identified in [I8]. Alternatively, the
symplectic flow map of Hamiltonian systems can be approximated [50, 1T, 29]. The data-
driven identification of interaction-based agent systems in [23, [31] or general Hamiltonian
systems in [28] employ similar statistical learning methods as in this article but in the
context of Hamiltonian systems. In contrast to the variational models considered in this
article, Hamiltonian data-driven models mostly require prior knowledge of the symplectic
phase space structure and observations of position and momenta, while the proposed
Lagrangian-based methods only require observations of positions. Symplectic structures
and Hamiltonians, however, can be derived from a Lagrangian model in a post-processing
step. Approaches based on identifying symplectic structures or canonical coordinates
from data together with a Hamiltonian have been considered, for instance, in [7, [13].
However, these do not provide a systematic discussion of uncertainty quantification or
regularisation of this ill-posed inverse problem.

Continuous Lagrangian data-driven models Similarly to Hamiltonian data-driven mod-
els, variational principles for dynamical systems have been identified from data by iden-

tifying a Lagrangian function of the system [16], 37, 22] [30]. We refer to [34, [4] for an

introduction to Lagrangian mechanics. To recall briefly, a dynamical system is governed

by a wvariational principle or a least action principle, if motions constitute critical points

of an action functional. In case of an autonomous first-order time-dependent system,

the action functional is of the form

S(z) = /t " L(a(t), i(8))dt, (1)

0

where z: [tg,t;] — R? is a curve with derivative denoted by #. The function L is
a Lagrangian. A function z: [to,t1] — RY is a solution or motion if the action S is
stationary at x for all variations dz: [to, ;] — R? that fix the endpoints t, ;. Regularity



assumptions on L and z provided, this is equivalent to the condition that z fulfils the
Euler-Lagrange equations

EL(L)(x(t), &(t),5(t) =0, ¢ € (to,t1) (2)

with

EL(L) =

d oLy _oL 9L . 9L . 0L (3)
A \or ) or  oroi- " 9idr. oz

Here, 8856% = (%)Zl:17 68;(%, = (83?’?511)2[:1 refer to d x d-dimensional blocks of
the Hessian of L and % denotes the gradient. Details may be found in [24, [51], for
instance.

In the data-driven context, L is sought as a function of T = (x,4) such that is
fulfilled at observed data points D = {(z, &, :1:)}]1‘/;L Once L is known, can be solved
with a numerical method such as a variational integrator [35].

Discrete Lagrangian data-driven models Instead of learning continuous variational
principles, in [46] Qin proposes to learn discrete Lagrangian theories by approximating
discrete Lagrangians. In discrete Lagrangian theories, motions z(t) are described at
discrete, equidistant times t© < ¢! < ... <tV by a sequence of snapshots & = (z5)N_, C
R?. The motions constitute stationary points of a discrete action functional

N
Sa(®) =Y La(z-1, %)
k=1

with respect to discrete variations of the interior points x1,...,zny_1. In other words,
x is a solution of the discrete field theory if g—f‘;(w) =0forall 1 <k < N. This is
equivalent to the discrete Fuler—Lagrange equation

DEL(Ld)(xk_l,xk,xk+1) =0, 1<k<N (4)

with
DEL(Lg)(@k—1, Tk, Th+1) = VaLa(xk—1, k) + ViLa(Tg, T41)- (5)

Here V1L, and VoL, denote the partial derivatives with respect to the first or second
component of Lg, respectively. Details on discrete mechanics can be found in [35].

For the identification of discrete Lagrangians from data, training data D = {z(t*)},
consists of snapshots of motions of the dynamical system at discrete time-steps ¢t*. This
needs to be contrasted to training of continuous Lagrangians which requires observations
of first and second order derivatives of solutions, i.e. data of the form & = (x, &, Z).

The class of discrete Lagrangian systems is expressive enough to describe motions of
continuous Lagrangian systems on bounded open subsets of R? at the snapshot times
(tk)k exactly, i.e. without discretisation error, provided the step-size At = tF+1 — ¢F is
small enough, see [35], §1.6]. Thus, identifying Ly instead of L is fully justified from a



modelling viewpoint. In case a continuous Lagrangian is required for system identifica-
tion tasks or highly accurate predictions of velocity data, in the article [37] the author
provides a method based on Vermeeren’s variational backward error analysis [56] to re-
cover continuous Lagrangians from data-driven discrete Lagrangians as a power series
in the step-size of the time-grid.

Ambiguity of Lagrangians The data-driven identification of a continuous or discrete
Lagrangian density is an ill-defined inverse problem as many different Lagrangian den-
sities can yield equations of motions with the same set of solutions. This provides a
challenge in a machine learning context and can lead to badly conditioned identified
models that amplify errors [37]. In [42] 40] the author develops regularisation strategies
that optimise numerical conditioning of the learnt theory, when the Lagrangian density
is modelled as a neural network. The present article relates to Gaussian fields to allow
for efficient uncertainty quantification and a theoretical convergence analysis.

Novelty The article

1. introduces a method to learn continuous and discrete Lagrangians from data based
on Gaussian process regression with a rigorous convergence analysis as the distance
between data points converges to zero.

2. Moreover, the article systematically discusses the ambiguity or Lagrangians and
regularisation strategies for kernel-based learning methods for Lagrangians.

3. Furthermore, the article provides a statistical framework that allows for efficient
uncertainty quantification of any linear observable of the dynamical system, such
as Hamiltonian functions (energy) or symplectic structure, for instance. The un-
certainty quantification does not require sampling but only to solve linear systems
of equations.

This needs to be contrasted to aforementioned methods of the literature for learning
Lagrangians, for which convergence guarantees are not provided or which do not provide
uncertainty quantification of linear observables. Moreover, in the literature discussions
on removing ambiguity of Lagrangians in data-driven identification are mostly absent:
its necessity is sometimes avoided by assuming that torques are observed [22], an explicit
mechanical ansatz is used [2]. In other works regularisation is done implicitly without
discussion [16], ad hoc as in the author’s prior work [37], or relates to neural networks
[30, [42], [40] only.

Methodologically, the method of the present article stands in the context of meshless
collocation methods [52] for solving linear partial differential equations since it solves
for L. It overcomes the major technical difficulty to prove convergence even though the
Lagrangian density is not unique even after regularisation. For this, the article exploits
a relation between posterior means of Gaussian processes and constraint optimisation
problems in reproducing kernel Hilbert spaces that was presented in a game theory
context by Owhadi and Scovel in [44] and was employed to solve well-posed partial
differential equations using Gaussian Processes in [12].



Outline The article proceeds as follows: Section [2| continues the review of continu-
ous and discrete variational principles that was started in the introduction. Moreover,
it presents symplectic structure and Hamiltonians as linear observables of Lagrangian
systems and it reviews the ambiguity of Lagrangians. Section [3| introduces methods to
regularise the inverse problem of finding Lagrangian densities given dynamical data. In
Section [4] we briefly review reproducing kernel Hilbert spaces and aspects of Gaussian
fields. A more detailed discussion of the underlying theoretical concepts is provided in
Appendix [A] The section proceeds with an introduction of our method to learn con-
tinuous and discrete Lagrangians and to provide uncertainty quantifications for linear
observables. Section [5] contains numerical experiments including identification of a La-
grangian and Hamiltonian for the coupled harmonic oscillator and convergence tests.
Section [6] provides a theoretical convergence analysis of the method including a proof
of the method’s convergence. Additionally, convergence rates are derived. The article
concludes with a summary in Section

2. Background - Lagrangian dynamics

2.1. Continuous Lagrangian theories
2.1.1. Definition of associated Hamiltonian and symplectic structure

Let us continue our review of Lagrangian dynamics to fix notations and to explain the
ambiguity that is inherent in the inverse problem of identifying (discrete) Lagrangians
to observed motions. We postpone a provision of a more detailed functional analytic
settings to the convergence analysis of Section [f] and refer to the literature on variational
calculus [24, [51] for details.

We consider the Hamiltonian to a Lagrangian defined via

oL

i
Here 27 denotes the transpose of # € R%. The Hamiltonian Ham(L) is conserved along
solutions of . Moreover, we consider the symplectic structure related to L which is

given as the closed differential 2-form

d 2 2
aL)— oL OL josndir. (1)

d
Sympl(L):Zd:ps/\d( — | = ——dr® Adr" +
— 0% et 0x" 0% 0z" 0%

When % is invertible everywhere, then the differential form Sympl(L) is non-degenerate
and, therefore, a symplectic formE] As an aside, the motions can be described as
Hamiltonian motions to the Hamiltonian Ham(L) and symplectic structure Sympl(L).
Moreover, we consider the induced momenta

Mm(L)(x, %) = Z—i(x,x) (8)

1Sympl(L) is the pull-back of the canonical symplectic form E‘:zl dq® Adps under the Legendre trans-

form TR? — T*R?, (z,%) — (q,p) = (z, & (z, &)).




Additionally, we consider the induced Liouville volume form given as the dth exterior
power of Sympl(L)

d’L
0% 018

1
Vol(L) = E(Sympl(L))d = det ( > det Adat AL A da? A did, (9)
It will be of significance later that EL, Ham, Sympl, Mm are linear in the Lagrangian
L, while Vol is not.

Example 1 Consider a mechanical Lagrangian L(z, %) = &' Mi — V(x) for a contin-
uously differentiable potential V: R¢ — R and a symmetric, positive definite matrix M
(mass matrix). The equations of motions are 0 = EL(L)(x,4,%) = & + VV(z), where
VV = 8—‘; denotes the gradient of V. The conjugate momentum is p := Mm(L)(z, &) =
Mi. The Hamiltonian function is H(z,p) = Ham(L)(z,M~'p) = 3p"M~1p+ V(z).
The symplectic form is w = Symp(L) = Zg:1 dxz® A dp®. In the frame induced by the
coordinates (z,p) of the phase space the symplectic form is represented by the block

matrix
J — <0n><n _lnxn> )
1n><n Oan
Here 0%, and 1,,x, denote the zero and the identity matrix of size n x n, respectively.
In the coordinates (x,p), the equations of motions are Hamilton’s equations in their

standard form .
T\ _( M™p
(5) = v = (5v)

The volume form Vol(L) = det(M)dz' Adi* A.. . Adz¢ Adi? = dz! Adp' A. .. Adx? Adp?
is the standard Euclidean volume form on the phase space. O

2.1.2. Ambiguity of Lagrangian densities

The ambiguity of Lagrangians in the description of variational dynamical systems has
been the subject of various articles in theoretical physics including [27, B3, B2]. La-
grangians can be ambiguous in two different ways:

1. Lagrangians L and L can yield the same Euler-Lagrange operator up to rescal-
ing, i.e.
pEL(L) = EL(L), peR\{0}
and, therefore, the same Euler-Lagrange equations up to rescaling. We call L
and L (gauge-) equivalent. For equivalent Lagrangians L, L there exists p € R\ {0},
¢ € R such that L — pL — ¢ is a total derivative

L—pL—c=dF



for a continuously differentiable function F': R — R, where

diF(z,i) = &' VF(z) = Z gfg (z) (10)

s=1

(See, e.g. [24].) We have restricted ourselves to autonomous Lagrangians.
2. More generally, two Lagrangians L and L can yield the same set of solutions z, i.e.
EL(L)(x(1), &(t)), &(t)) = 0 <= EL(L)(x(t), (1)), #(t)) = 0

for all regular curves x: [to, t1] — R? even when they are not equivalent in the
sense of Item |1} In such a case, L is called an alternative Lagrangian to L.

Example 2 (Affine linear motions) For any twice differentiable g: R — R
with nowhere degenerate Hessian matrix Hess(g), the Lagrangian L(z, %) = g(&)
describes affine linear motions in R%:

0 =EL(L) = Hess(g)(z)z.

In general, the existence of alternative Lagrangian densities is related to additional
geometric structure and conserved quantities of the system [27, 33, B2, 10]. This arti-
cle mainly considers ambiguities by equivalence, which are exhibited by all variational
systems.

Lemma 1 Let L be a Lagrangian depending on (z,x). Consider a continuously differ-
entiable F: R?* > R, p e R, ¢ € R, and L = pL + d.F + c. We have

BL(E) = pEL(L)
Mm(L) = pMm(L) + VF
Sympl(L) = pSympl(L)
Vol(L) = p?Vol(L)
Ham(L) = pHam(L) — ¢

Here VF denotes the gradient of F. Moreover, if p # 0 then

{(a;,:;;) - det <aa;aL¢> (z,4) # 0} - {(w,:b) - det (i;i) (z,4) # 0} .1

O

PROOF The transformation rules of EL Mm, Sympl, Vol, and Ham are obtained by a

direct computation. The assertion ) follows from the transformation rule for Vol or

92L _ 82L
o:0z — Poioz- n

directly by observing that

The following Corollary is a restatement of .

Corollary 1 The set where a Lagrangian L is non-degenerate, i.e. where 8(9;&78% 8 in-

vertible, is invariant under equivalence. 0



2.2. Discrete Lagrangian systems
2.2.1. Associated symplectic structure

In analogy to the continuous case (Section [2.1.1)) we define associated data to a discrete
Lagrangian density Lq: R% x R4 — R following definitions in discrete variational calculus
[35]. The quantities

Mm™ (La)(zj, xj+1) = —=ViLa(zj, Tj41)
Mm* (La)(2j-1,25) = VaLa(zj-1,2;)

relate to discrete conjugate momenta at time ¢;. On motions x = (ack)ff:() that fulfil (4),
Mm ™ (2, 2x41) and Mm™ (21, 71) coincide for all 1 < k < N. Moreover, denoting the
coordinate of the domain of definition R? x R? of Ly by (z0, 1) we define the 2-form

d

Sympl(Lg) = OLi e p g (12
YIPH L _rs:l x50z o1 o )
and its dth exterior power normalised by %
d*Ly
Vol(Ly) = det (8:818:1:0) dzt Adad AL Adad Adad. (13)

When aijggo is non-degenerate everywhere, then Sympl(Ly) is a symplectic form and

Vol(Lg) its induced volume form on the discrete phase space R xR%. Sympl(Ly) is called
discrete Lagrangian symplectic form in [35, §1.3.2]. (For consistency with the continuous
theory Section our sign convention differs from [35, §1.3.2]. A derivation can be
found in Appendix )

2.3. Ambiguity of discrete Lagrangians

In analogy to Section if Lg is a discrete Lagrangian and f/d(xo, x1) = pLa(xo, z1) +
F(z1) — F(xo) + cfor c e R, p € R\ {0}, and continuously differentiable F', then

pDEL(L,) = DEL(Lg)

and Ly and Ly are called (gauge-) equivalent. Non-equivalent discrete Lagrangians such
that the discrete Euler—Lagrange equations have the same solutions are called alter-
native discrete Lagrangians.

The analogy of Lemma [I] for discrete Lagrangians is as follows.

Lemma 2 Let Ly be a discrete Lagrangian depending on (xg,z1). Consider a con-

tinuously differentiable F: R — R, p € R, ¢ € R, and Ly = pLq + AF + ¢ with



AyF(zg,21) = F(x1) — F(x0). We have
DEL(Lg) = pDEL(Lq)
Mm™ (Lg)(x0, 1) = pMm™ (Lg)(0, 1) + VF (o)
Mm™* (Lg)(wo, #1) = pMm™* (Lg) (20, 21) + VF (1)
)
) =

Sympl(Lq) = pSympl(Lq)
Vol(Lg) = p?Vol(Lg)

Here VE denotes the gradient of F'. Moreover, if p # 0 then

92 %L
{(a:o,xl) : det (3:60;;1) (zo,21) # O} = {(xg,xl) : det (axog;) (xo,x1) # 0} .

PrOOF The transformation rules of EL, Mm®*, Sympl, Vol are obtained by a direct
computation. The assertion about invariance of non-degenerate points follows from the
transformation rule of Vol. n

3. Regularisation

In the machine learning framework that we will introduce in Section [, we will employ
regularisation conditions to safeguard us from finding degenerate solutions to the inverse
problem of identifying a Lagrangian to given motions. Extreme instances of degenerate
solutions are Null-Lagrangians, for which EL(L) = 0. These are consistent with any
dynamics but cannot discriminate curves that are not motions.

The following section serves two goals:

o We justify that the employed regularisation conditions are covered by the ambigu-
ities presented in Section [2| Therefore, imposing these on L does not restrict the
generality of the ansatz. We will also refer to these as normalisation conditions as
we will impose that these are fulfilled exactly by the data-driven model.

e The normalisation conditions (together with the system’s motions) do not de-
termine the Lagrangian uniquely. However, they guarantee that the sought La-
grangian is non-degenerate, provided that there are no true degenerate Lagrangians.
Furthermore, we show that the normalisation conditions determine the symplec-
tic structure Sym(L), the Hamiltonian Ham(L), and the Euler-Lagrange operator
EL(L) of the system uniquely, provided that no true alternative Lagrangians exist.
In the context of uncertainty quantification, this implies that any ambiguity in the
representation of the model L does not contribute to uncertainty in the Hamil-
tonian, the symplectic structure, or the equations of motions. This justifies the
approach towards uncertainty quantification in the article.

A reader mostly interested in the machine learning setting can skip ahead to Section [4]



3.1. Preparation of the regularisation strategy
Proposition 1 Let T, = (xp,4) € TRY =2 RY x R, L a Lagrangian, and I, =

(2r,@r, ir) € (RY with EL(L)(&,) # O Let c, € R, py € RY, ¢, # 0. Then there
exists a Lagrangian L such that L is equivalent to L and

L@) =, Mm(L)E) = or @) =p, BLL) @k =cr  (14)

where 1 < k < d is any index for which the kth component of EL(L)(Z,) is not zero. o

o )

PROOF Let ¢ = L(T), 1, = Mm(L)(Z), ¢ = (EL(L)(#7)) (k th component). We set

cr . . . .
p==, Flz) =a'(pp— ppy), €=y — @y (Do — PP) — PCo-
Now the Lagrangian L = pIO/ + d¢F' + c is equivalent to L and fulfils . n

While the equivalent Lagrangian L constructed in Proposition[I]is always non-degenerate
if L is non-degenerate (by Lemma , this is not necessarily true for all Lagrangians gov-
erning the motions even when restricting to those that fulfil : indeed, in Example|2|of
affine linear motions governed by L(z,4) = @2, we can choose g such that L(z, &) = g(i)
has degenerate points at any points. However, when we exclude systems with alternative

Lagrangians, then we have the following Proposition.

Proposition 2 Let Lbea Lagrangian that is non-degenerate on some non-empty, con-
nected set O C TR 2 R% x R?. When no alternative Lagrangian to L exists, then any
Lagrangian L with the property

EL(L)(a(t), (t), #(t) = 0 —> EL(L)(x(t), &(t), &(t)) = 0
on O x R? is either a null-Lagrangian (i.e. EL(L) = 0) or is non-degenerate on O. g

PROOF As no alternative Lagrangian exists, there must be p,c € R and F: R — R
such that on O )

If L is not a null-Lagrangian on O, there must be # € O x R? with EL(L)(#) # 0. Let
1 < k < d such that (EL(L)(Z))x # 0. By Lemma []]

o

0 # (EL(L)(2))x = p(EL(L)(%))-

Thus p # 0. Non-degeneracy on O follows from Vol(L) = pdVol(f). n

2This means that &, = ng’ Zr,%;) is any point that does not correspond to a motion of the dynamical
system described by L. For instance, when (z-,4-) is an equilibrium point of the dynamics then we
can chose any #r # 0. The assumption excludes trivial Lagrangians such as L = 0.

10



Remark 1 Under genericity assumptions on the dynamics with d > 2, no alternative
Lagrangians exist [27]. If a generic dynamical system is governed by a non-degenerate
Lagrangian, then any Lagrangian L with EL(L) = 0 on all motions that is non-degenerate
anywhere, is non-degenerate everywhere. O

Refer to Proposition [T1] of Appendix [B] for an alternative normalisation strategy for
Lagrangians based on normalising symplectic volume. It is comparable to techniques
developed in [42] for neural network models of Lagrangians.

The following Proposition implies that the Euler-Lagrange operator (and thus the
representation of the equation of motions) and the Hamiltonian and symplectic structure
are uniquely determined when the normalisation condition is fulfilled, provided that
no alternative Lagrangians exist.

Proposition 3 Let L be a Lagrangian on TR with for some Ty, = (xp, @) € TR,
1<k<d, c €R, pp €R?, ¢, € R\ {0}. Then for any Lagrangian L with that is

equivalent to L we have

° °

EL(L) = EL(L), Ham(L) = Ham(L), Sym(L)= Sym(L). o

PrOOF L is of the form L = pIO/ + d¢F' + c¢. The last condition of implies p = 1.

o o

Thus EL(L) = EL(L) and Sym(L) = Sym(L) by Lemma |1 With p = 1 and the first
two conditions we have
Ham(L)(zy) = i py — & = Ham(L)(T).
Then Ham(L) = Ham(L) follows by Lemma n
For discrete Lagrangians, we have the following analogy to Proposition

Proposition 4 Let 7, = (zop, z15) € (RY)?, &, = (zor, 217, 22,) € (RY)? and Ly a
discrete Lagrangian with DEL(Lg)(2p) # 0. Let ¢, € R, pp € R?, ¢, € R\ {0}. There
exists a discrete Lagrangian Lg such that Lq is equivalent to Ly and

La(Ty) = co, Mm™(Lq)(Ty) = py, (DEL(Lq)(Z7))k = cr, (15)

where 1 < k < d can be chosen as any index for which the component of DEL(&y) is not
zero. o

PROOF Let ¢ = Lg(Tp), pp = Mm™ (Lg)(@), ¢, = (DEL(Lg)(&))x. We set

c . . o
p=7, F@=z"m—pp), c=c—pé—(z1—20) (P = pb)-
a
Now the Lagrangian Ly = pid + AyF + ¢ is equivalent to Ly and fulfils ((15]). n

Remark 2 A statement similar to Proposition |4/ holds true with Mm™ replacing Mm™.
Moreover, a statement in analogy to Proposition [2| can be obtained with discrete quan-
tities replacing their continuous counterparts. The details shall not be spelled out in
this context. Moreover, an alternative normalisation strategy based on regularising the
discrete symplectic volume is provided in Proposition [I2]in Appendix [B] where it is also
compared to regularisation strategies in the neural network context of [42]. 0

11



3.2. Utilisation in a data-driven context

In the following section, we will consider the inverse problem of inferring a Lagrangian
or discrete Lagrangian from motion data. For this, we will augment the inverse problem
by normalisation conditions or , respectively, for values of ¢, € R, p, € RY,
and ¢, € R\ {0}. Proposition [l| or Proposition 4| show that this augmentation does not
restrict the generality of the ansatz. Although the conditions together with the true
dynamics do not determine the (discrete) Lagrangian uniquely, they do determine the
Euler-Lagrange operator EL(L) as well as the Hamiltonian and symplectic structure,
provided that the true dynamical system does not admit alternative Lagrangians. When
only limited data is observed, there is some uncertainty in the equations of motions
EL(L) = 0, the Hamiltonian, symplectic structure, or any linear observable in L that
we want to quantify. The normalisation conditions eliminate any artificial uncertainty
stemming from an ambiguous representation of the model.

Moreover, when all true Lagrangians are non-degenerate, so is the sought Lagrangian
in the augmented inverse problem (Proposition . Thus, the normalisation conditions
safeguard us from inferring degenerate Lagrangians that are consistent with the observed
motion data but fail to discriminate non-motions.

4. Data-driven method

4.1. Bayesian learning of continuous Lagrangians

In the following, we present a framework for learning a continuous Lagrangian from
observations of a dynamical system.

Let Q ¢ TR? = RY x R? be an open, bounded subset. Our goal is to identify a
Lagrangian L:  — R based on observations & = (7, %) = (v, #,%) € Q x R? for which
EL(L)(z) = 0 on all observations & such that the dynamics to L approximate the
dynamics of an unknown true Lagrangian L,.: 2 — R. We interpret this task as seeking
a solution to the Euler-Lagrange equation that we interpret as a partial differential
equation for L. We follow a Bayesian approach proposed in [I2] and assume a Gaussian
field (see Appendix [A| for definitions) as a prior for L that we condition on fulfilling
the Euler-Lagrange equation on the data points and on regularisation conditions
to obtain a posterior distribution for L. Even though in contrast to [12] our partial
differential equation is highly ill-posed, we prove in Section [6] that the posterior mean
converges against a true Lagrangian of the motions in the infinite data limit.

4.1.1. RKHS set-up and Gaussian fields

We consider the following set-up that makes use of the theory of reproducing kernel
Hilbert spaces (RKHS). Refer to [14), 44] for background material.

Consider a symmetric function K: © x 2 — R. Assume that K is positive definite,
i.e. for all finite subsets {T(j)}j]\il C Q the matrix (K(f(i),f(j)))%zl is positive definite.
"K is called kernel.

12



Consider the reproducing kernel Hilbert space (RKHS) U to K, i.e. consider the inner
product space

U={L=> a;K@Y,)|a; €RneNy,zV €0
j=1

with inner product defined as the linear extension of
<K(T7 ')7 K(@, )> = K(f,ﬂ)

Then the Hilbert space U is obtained as the topological closure of U with respect to
(-,-). We denote the dual space of U by U*. We define the map

K:U* U, & K(®) with K(®)(z) = &(K(z,)). (16)

The map K: U* — U is linear, bijective, and symmetric, i.e. ¥(I(P)) = ®(K(¥)) for
¢, U € U*, and positive, i.e. (I(P)) > 0 for & € U* \ {0}.

Consider the canonical Gaussian ﬁelcﬂﬁ € N(0,K) on U, which is a weak random
variable with the following properties:

e For all p € U*, ¢(&) ~ N(0,(K(¢))) is a centred Gaussian random variable.

e Moreover, for any finite collection ® = (®4,...,®,) with &; € U* for 1 < j < n,
the random variable ®(&§)= (®1(§),. .., P,(&)) is multivariate-normally distributed
(&) € N(0, k) with covariance matrix given as k = (®;(K(®;)))

ij=1"

See Appendix [4] for a formal definition of Gaussian fields and existence statements
recalled from [44].
4.1.2. Data

Assume we observe distinct data points 2(7) = (z0),:0)) = (2, £0) 20)) € Q x R?,
j=1,..., M of Lagrangian motions. Define EL;;): U — R? as

) 32L(5(j)) N 92L(EY) | OL(EY))
» — Sy = YT () L AT () AT
EL,) (L) = EL(L)(z"Y) EIY P + 920n © o

for 1 < j < M. Furthermore, let Ty, = (zp, ) € Q and consider Mmgz, : U — R? defined
as

_ oL _
Mmg, (L) = Mm(L) (%) = E({Bb).
Moreover, let evg, : U — R with

evz, (L) = L(%)

3The notion of a Gaussian field differs slightly from the notion of a Gaussian process [15, Def.3]. See
[45, §3.5-§4, paragraph 1] for further explanation. However, the literature refers to methods that
solve pdes using the concept of Gaussian fields as Gaussian processes based methods (e.g. [12 [6]).
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denote the evaluation functional. Collect these functionals in a linear map @é\/l U —
RHM x R? x R
&) = (EL,q), .- ., EL;on, Mg, , evz, ). (17)

For constants ¢, € R, p, € R? let

v =(0,...,0,pp, ) € RHM x R? x R.
——

M times

Interpretation: When <I>£/[ (L) = yéw for some L € U, then L is consistent with the dy-
namical data and fulfils the normalisation conditions Mm(L)(Zy) = pp, L(Tp) = ¢5. The
condition (EL(L)(Zp))x = ¢ of Proposition (1] is left out due to practical considerations
that will be discussed later — see Remark [5

4.1.3. Lagrangian as a conditional mean of Gaussian fields

Let us introduce the formulas required to infer a Lagrangian from data and predict
uncertainty in the identified equations of motions and other linear observables such
as Hamiltonian or symplectic structure. We postpone to Section [ a more detailed
derivation and a justification of applicability of the theory of Gaussian fields, such as
the boundedness of certain operators. The following considers the noise-free case. We
will make use of the following assumptions that are fulfilled when the observed system
is governed by the Euler-Lagrange equations to a non-degenerate Lagrangian L € C%(Q)
and when K is the square exponential kernel K (%,%) = exp(—||z — y||?/1), I > 0 and Q
is a locally Lipschitz domain (Remark [g)):

Assumption 1 Assume that
{Lec?@) | (L) =y }NU #0

and that the RKHS U to kernel K embeds continuously into C2(Q). Let K be four times
continuously differentiable.

By general theory recalled in Appendix [A] the posterior distribution of the canonical
Gaussian field ¢ conditioned on the boundedﬁ linear constraint ®} (L) = yM is again a
Gaussian field &y = N (L, ’chlz)w). It is characterised by the conditional mean L and the
conditional covariance operator ICCDZJ)VI. To compute L and IC@[J)W, define the symmetric
matrix

0 e RMFDd+)((MADd+H) g, — (M), K (@M);, 1<k 1< (M+1)d+1,

where (@), (@), refer to the kth or /th component of ®}, respectively. In block
matrix form, © can be written as

(EL%{) BLZ ) K)ij (ELglg(Jld Mm%?bK)j (EL;ul') evz, K);
0 = | (Mmgz,EL:; K);  Mmg Mms K Mmy, evs K (18)
(evk EL: K); evi Mm2 K K (T, Tp).

T

oM. 0% (Q) - RMHDIH ig hounded (Section .
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The upper indices 1,2 of the operator indicate their action on the first or second com-
ponent of the kernel K: 2 x Q2 — R, i.e.

EL;<j>EL§(i)K =EL;) (7 — EL;» (¥ — K(Z,7))) €R

with analogous conventions for Mm and ev. Furthermore, we use the convention that
when an operator EL, Mm, or ev is applied to functions with several components their
application are understood component-wise. With

- _ _ _ W\ T
Ko} (z) = (EL;y K (), ... ELjanK(-F), MmgzK(.7), K(Tp 7))
the conditional mean L of the posterior process &, is given as
L=y olka), (19)

where OF denotes the pseudo-inverse of ©. The conditional covariance operator ICq,éu U —
U is given by

.
YKo = vK¢ — (pK&y )07 (2} Ko) (20)
for any ¥, ¢ € U*. Here
PR ¢ = WP K
T _
vy = (WELZ, K, ... ¢'EL, K, ¢'Mm2 K, 'K(. 7))
_ T
®)'Kp = (ELL o ¢?K, ... ELL, ¢*°K, Mmj ¢*K ¢*K(T,))

Again, the upper indices 1,2 of the linear functionals ¢, € U* denote actions on the
first or second component of K, respectively.

The expressions yé\/f Tof and @T(éé” Ko) in and , respectively, are least-square
solutions to the linear systems

Oz=yl and 07 =0YKs (21)

for z and Z. It is argued in Appendix and Appendix that these systems are
solvable and that and are valid. Moreover, OT(®M¢) and OT(®M ) can be
substituted by any solution to the linear systems above without changing L in or

¢’Cq>£4¢ in '

Remark 3 (Computational aspects) The size of the linear systems scales lin-
early with the number of data points and the dimension of the state-space. Thus the
numerical complexity of solving the linear systems scales approximately cubically, when
a direct method is used. The growth in computational complexity is typical for Gaussian
process or kernel-based methods [49]. To tackle this, various approaches exist such as
using kernels of finite band-width to promote sparsity of ©, importance sampling, and
sparse Gaussian processes which are based on identifying inducing variables [55] [47]. An
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efficient method to approximate Cholesky factors of covariance matrices was presented
in [53]. Moreover, a diagonal regularisation technique involving an adaptive nudging
term can be found in [I2, Appendix A] in the context of solving pdes with Gaussian pro-
cesses. A more specialised approach is [54]. In our numerical experiments (Section
we do not employ any specialised algorithm but use the command factorize of the
package Julia/LinearAlgebra [§] on ©. Depending on the degeneracy of the symmetric
matrix ©, factorize computes a Cholesky decomposition or a factorisation based on
the Bunch-Kaufman algorithm [, [9]. The factors are then stored and used whenever
solving linear systems involving ©. O

Remark 4 (Equivalent minimisation problem) The conditional mean L of
can alternatively be characterised as the minimiser of the following convex optimisa-
tion problem

L=arg_  min 1L, (22)

Leu, M (L)y=yM

where || L||y denotes the reproducing kernel Hilbert space norm. (See Theorem [8|in Ap-
pendix) This will play an important role in the convergence proof in Section |§| Besides
the exploit for convergence proofs, formulation could be used for the computation
of the conditional stochastic processes for non-linear observations and normalisation

conditions such as in the alternative regularisation of Appendix [B] using techniques of
[12]. o

Remark 5 (Further normalisation) For consistency with Proposition (1, one may
add ¢; € R\ {0} to yM and the normalising condition (EL(,))k to oM for &, =
(zr,&r,%;) that is not a motion and k£ € {1,...,d}. While it is realistic to assume
knowledge of a data point #, that is not a motion (e.g. # = (1,1 + 1) in systems
with non-degenerate true Lagrangian), fixing an index k a priori may cause a restriction
as to which Lagrangians can be approximated or cause poor scaling of the posterior
process. Thus, we propose to leave out this condition in the definition of the posterior
process. One may rather verify ¢, # 0 a posteriori to check validity of the assumptions
of Proposition[I} Moreover, Appendix [B]discusses an alternative normalisation based on
symplectic volume forms. It can be compared to approaches to learn Lagrangians with
neural networks [42]. 0

4.1.4. Application

The conditional mean L of the posterior Gaussian process £ ‘@é\/f (L)=y) SErves as an
approximation to a true Lagrangian, from which approximations of geometric structures
such as symplectic structure and Hamiltonians can be derived. Moreover, uncertainties
of a linear observables » € U* can be quantified as the variance of ¢(§|<I>£W(L)=y,§”)v

which can be computed as ¢K¢é\4¢ using . In the numerical experiments, standard
deviations will be computed for the random variables Ham(§ ’@{)4( L):yéw)(f) for z € Q

and for EL({\q,gf(L):yéu)(i'(t)), where & = (z, &, %) is a motion of the approximate system
to L.
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4.2. Gaussian fields for discrete Lagrangians

The data-driven framework for learning of discrete Lagrangians is in close analogy to
the presented framework for continuous Lagrangians. Instead of repeating the discus-
sion, we explain the required modifications and reinterpretations in the following. A
rigorous discussion and justification of the applicability of the theory of Gaussian fields
is postponed to Section [6.2

In the setting of discrete Lagrangians, Q € R? x R? is an open, bounded subset con-
taining elements denoted by T = (zg,z1). Observed data corresponds to a collection
of M triples of snapshots #() = (x(()j ), acgj ),a:gj )) of motions of a variational dynamical
system, where (x[()j),a;(lj)) € Q and (a:&j),mgj)) € Q for all j. The snapshot time (dis-
cretisation parameter) A; > 0 is constant (also see Figure[7)). The goal is to identify a
discrete Lagrangian Lg: €2 — R such that discrete motions that fulfil the discrete Euler-
Lagrange equations DEL(L,;) = 0 approximate true motions. When a system is governed
by a non-degenerate continuous Lagrangian L, then there exists a discrete Lagrangian
L4 that exactly governs the discretised dynamics [35].

Consider a twice countinuously differentiable kernel K: 2 x © — R with RKHS U.
We consider the following assumptions that are fulfilled when the observed system is
governed by the Euler-Lagrange equations to a non-degenerate Lagrangian L € C*(€)
and when K is the square exponential kernel K (%,%) = exp(—||z — y||?/1), I > 0 and Q
is a locally Lipschitz domain:

Assumption 2 Assume that
{LaeCl (@)@ (L) =y} NU #0

and that the RKHS U to kernel K embeds continuously into C1(Q). Let K be twice
continuously differentiable.

With the reinterpretation of € and of training data points #) we can follow the
framework for continuous Lagrangians replacing EL by DEL and Mm by Mm™ (or
Mm™). In particular, this leads to

q)lj)w = (DELg}(l): s 7DELj(N1) ) Mm_fm eVEb)-

(cf. ([17)) and

(DEL},DEL,K);; (DEL},Mm 7 K); (DELL ev2 K);

©=| (Mm 3 DEL?, K), Mm_%me;%bK Mm g ev2 K (23)
(evi, DELZ () K); evi Mm ™7, K K (T, Tp).

(cf. (18)) and an a conditioned process that is a Gaussian process N (L,IC(I,éu) with
posterior mean

Ly= vy} olka) (24)
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(cf. ) Again, the upper index 1,2 of the operators DEL, Mm™, ev denote on which
input element of K they act. The conditional covariance operator }Ctbé‘”: U* - U is
defined for any ¢, ¢ € U* by

N
Vg = YKo — (LKBy)OT (8 Kg). (25)
Here
VKpp ¢ = 016" K
WCcI»{)ﬂ:(@zﬂDEL;(Q)K, ... $'DEL2, K, Mm% K, zle(-,f))
;
q)é‘”/cqs:(DEL;(Q)gb?K ... DEL},,¢’K Mm*;bqbQK ¢2K(T,-)> .

To obtain and we have (as in the continuous case) applied general theory
as recalled in Proposition [8]in Appendix Indeed, conditions for the applicability of

Proposition [§] are verified in Proposition |10] (Appendix [A.2)).

5. Numerical experiments

5.1. Continuous Lagrangians

Consider dynamical data 20 = (x(j), :'U(j),jé(j)), j=1,..., M of the coupled harmonic
oscillator Lyer: TR? — R with

1 1
Lyet(w, &) = Sllil|* = S llo)® + aa’2", == (2%,2") €R? (v,4) € TR*  (26)
with coupling constant o = 0.1. Here z() = (a:(j),a's(j)), j=1,...,M are the first M
elements of a Halton sequence in the hypercube Q = [~1,1]* € TR?. We use radial basis

functions K (7, ) = exp (—3(Z — ¥)?) as a kernel function in all experiments. For M € N
we obtain a posteriori Gaussian processes denoted by &y € N (L, Kpr) modelling
Lagrangians for the dynamical system. We present experiments with M € {80,300}. In
the following var refers to the variance of a random variable (applied component wise
when the random variable is R%valued). Moreover, Accz(Lys) refers to the solution of
EL(Ly) (7, %) = 0 for & € R2.

Figure 1| displays the location of training data in Q projected to the (2%, z')-plane.
Figure [2| compares the variances of EL; (&) for M = 80,300 for points of the form
& = (z,%) with 7 = (2°,21,0,0) € Q and T = (2%,0,4°,0) € Q with & = Accz(L).
One observes that the variance decreases as more data points are used. This experi-
ments suggests that the method can be used in combination with an adaptive sampling
technique to sample new data points in regions of high model uncertainty. However, for
consistency, our data points are related to a Halton sequence.

Figure [3[ shows a motion computed by solvinﬂ EL(Lps) = 0 with initial data 7 =
(0.2,0.1,0,0) on the time interval [0,100]. In the plots of the first row, colours indicate

5Computations were performed using DifferentialEquations.jl[48]. Comparison with a trajectory com-
puted using the variational midpoint rule [35] (step-size h = 0.01) shows a maximal difference in the
z-component smaller than 3.5 x 10™* (M = 300) along the trajectory.
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Figure 1: Training data points projected to the (20, z!)-plane of &g (left) and €399 (right).
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Figure 2: Plots of variances logo(||[var(EL(&as))||) for M = 80 (two left plots) and M =
300 (two right plots) over (2, z!,0,0)-plane and (2,0, 4%, 0)-plane. (Ranges
of colourbars vary.)

the norm of the variance of EL({ys) along the computed trajectories. For M = 300 the
trajectory is close to the reference solution while largely different for M = 80. This
is consistent with the lower variance for M = 300 compared to the experiment with
M = 80. The plots of the dynamics of Lsgg (bottom row of Figure |3)) show divergence
of the computed motion from the reference solution towards the end of the time interval
building up to a difference in 2° component of about 0.1 at ¢t = 100. (We will see
later that a discrete model model performs better in this experiment.) However, the
qualitative features of the motion are captured.

Figure {| shows the Hamiltonian Hy; = Ham(Lys) as well as Hy + 0.20y,,. Here

om,, denotes the standard deviation y/varHam(&ys). We observe a clear decrease of the
standard deviation as M increases from 80 to 300.

Figure |5| displays the error in the prediction of # for points 7 = (2°,2',0,0) €  and
7 = (2°,0,4°,0) € Q. As the magnitudes of errors vary widely, log;, is applied before
plotting, i.e. we show the quantity

logg [|Accz(Lar) — Accz(Lyef) |2

One sees a clear decrease in error as M is increased from 80 to 300.

Figure[6]shows a convergence plot for the relative error in predicted acceleration erracc,
i.e. of

. |Accz(Lar) — Accz(Lyef) || pa
race®) = T R e e

The data for the plot in Figure |§| was computed for the 1d harmonic oscillator Lyef(x) =
%:’Bz — %:1:2 with (z,#) € [~1,1]? in quadruple precision. For each M ¢ {2',22 ... 26}
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Figure 5: log;, norm of error of predicted acceleration i for Acc(£yr) over 2%, 2! plane

and 2°,#° plane for M = 80 (left two plots) and M = 300 (right two plots).
(The ranges of colourbars vary.)
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Figure 6: Convergence of Acc(Lys) to true acceleration data.

the error errp..(T) was evaluated on a uniform mesh with 10 x 11 mesh points in [—1, 1] x
[—1,1] € TR. The plot shows the discrete L, error (p = 1,2, 00). We can see convergence
with errors levelling out due to round-off errors at approximately 1011, Moreover, as M
increases, higher and higher convergence rates become dominant before round-off errors
dominate. Indeed, our analysis on convergence rates (Section will show that thanks
to smoothness of the kernel and the reference Lagrangian, arbitrarily high convergence
rates occur in the asymptotic regime M — oo (Corollary .

5.2. Discrete Lagrangian

Now we consider dynamical data #0) = (ac(()j ),xgj ),a:(j )) where xéj ), xgj ), acgj ) are snap-
shots of true trajectories at times t, t + h, t + 2h, respectively, with 57 = 1,..., M.
Here h = 0.1 and, again, M € {80,300}. For data generation, we consider data
(z,p) € [-1,1]* C T*R? from a Halton sequence from where we integrate L,q; from [0, 3h]
using the 2nd order accurate variational midpoint rule [35] with step-size hinternal = h/10.
These dynamics are considered as true for the purpose of this experiment. Training data
is visualised in Figure [7}

Figure |8 (in analogy to Figure [2) shows how variance decreases as more data points
become available. For the plots, (x9,pg) € T*R? are used to compute 2 = (g, 21, 72)
using Lef. Here p refers to the conjugate momentum of L,es. The plots display heatmaps
of logyq(||var(DELs (€47) ).

Figure El shows a motion for ¢ € [0, 100] of {300 with same initial data as in Figure
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Figure 8: Plots of variances logo(||[var(EL(&ar))||) for M = 80 (left two plots) and
M = 300 (right two plots) over (z,pret) = (2°,2%,0,0)-plane and (z, pref) =
(2°,0,p%;,0)-plane. (Ranges of colourbars vary.)

With a maximal error in absolute norm smaller than 0.00043 it is visually indistinguish-
able from the true motion. In the plot to the left, data for #° was approximated to
second order accuracy in h with the central finite differences method.

Comparing Figure [9] and Figure [3] it is interesting to observe that with the same
amount of data the discrete model performs better than the continuous model for pre-
dicting motions.

Reproducibility Source code of the experiments can be found at https://github.com/
Christian-Offen/Lagrangian_GP.

6. Convergence Analysis

This section contains a theoretical convergence analysis of the considered methods. In
Sections and convergence theorems for regular continuous Lagrangians (Theo-
rem and discrete Lagrangians (Theorem [2)) in the infinite-data limit are provided
as observations become topologically dense, i.e. as the maximal distance between data
points converges to zero. Moreover, the convergence rates of continuous and discrete
Lagrangian models are analysed in Section
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Figure 9: The motion of 309 and the true motion are indistinguishable.

6.1. Convergence of continuous Lagrangian models
6.1.1. Convergence theorem (continuous, temporal evolution)

Theorem 1 Let Q C TR? 22 R% xR? be an open, bounded non-empty domain. Consider
a sequence of observations ng = {(aj(j),fv(j),i(j))}j C QxR of a dynamical system
governed by the Euler—Lagrange equation of an (unknown) non-degenerate Lagrangian
Lot € C2(Q) (definition of C2(Q) below). Assume that {(x1),2))}; C Q is topologically
dense. Let K be a 4-times continuously differentiable kernel on Q, Tp € Q, 1, € R, pp € R
and assume that Ly is contained in the reproducing kernel Hilbert space (U,| - ||v) to
K and fulfils the normalisation condition

(I)N(Lref) = (pb,Tb) with (I)N(L) = (gi(xb),L(xbO . (27)

Assume that U embeds continuously into C%(Q). Let & € N'(0,K) be a canonical Gaussian
process on U (see Section 4.1.1|). Then the sequence of conditional means L) of §
conditioned on the first j observations and the normalisation conditions

L)@, 0, i) = 0(vi <), @n(€) = (pp70) (28)
converges in || - ||y and in || - ||CQ(§) to a Lagrangian L.y € U that is
e consistent with the normalisation ® N (L)) = (b, 7s)

e consistent with the dynamics, i.e. EL(L(o))(2) for all & = (z, &, %) with (v,%) €
and EL(Lyef)(2) = 0.

e Moreover, L) is the unique minimiser of |- [lo among all Lagrangians with these

properties. o

Remark 6 If 7, = 0 and p, = 0, then the sequence L;) is constantly zero with limit
Ly = 0. It is necessary to set (ry,pp) # (0,0) to approximate a non-degenerate
Lagrangian. O
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Remark 7 The regularity assumptions of the kernel (four times continuously differen-
tiable) is required for the interpretation of L(;) as a conditional mean of a Gaussian
process and for its convenient computation. It can be relaxed to the condition that

ol +IPl K (z, . . . —
(axl)m,.,(axd)ada(?(jle)%)l,..(6yd)3d for |a|,|B] < 2, z,y € Q exists and is continuous on 2.
Here |o|=a1+ ...+ aq, |B| =1+ ...+ Ba. O

6.1.2. Formal setting and proof (continuous, temporal evolution)

Let Q ¢ TR? be an open, bounded, non-empty domain. Following notion of [I], we
consider the space of m-times continuously differentiable functions that extend to the
topological closure €2

C™(QL,RY) = {f € C™(Q,R¥) | 9*f extends continuously to Q V|a| < m}, m € Ny.

ar alelf . . . .
Here 0°f = (02171 (029)°40 G1)FT . (05 0) denotes the partial derivative with respect to
coordinates T = (x,2) = (x!,..., 2% &', ... %) for a multi-index o = (o, ..., aq, 1, ..., dg)

with |a| = a1 + ...+ ag+ &1 + ...+ 4. The space is equipped with the norm

| Fllen@as = , masxsup 07 (2)]. (29)

<lal<mzeQ
Here [|0“f(z)|| denotes the Euclidean norm on R* for |a| = 1 or an induced operator
norm for |a| > 1. The space C™(, R¥) is a Banach space [I, § 4]. We will use the
shorthand C™(Q) = C™(Q, RY).
Assume that on a dense, countable subset Qg = {7\ = (z(0), £0) )}521 C 2 we have
observations of acceleration data £ of a dynamical system generated by an (a priori
unknown) Lagrangian Lys € C?(2), which is non-degenerate, i.e. for all (z,4#) € Q the

matrix 882553’? (z,) is invertible, and the induced function g..f € C%(Q, R?) with

, 2Lt N\ " [(OLwet, .. ?Lyet, .. .
Gref (T, 1) = <83’:8:’cf($’$)) ( 6$f<$’x)_ axag(a},:ﬂ)-m> (30)

recovers &) = g (TU)) = grep(2), £0)).

Lemma 3 The linear functional ®°): C2(Q) — CO(Q, RY) with
(L) (2, &) = EL(L)(x, &, gret(, ©))
0L, %L, . . 9L, (31)
- 855815'(1:,1.) ' gref(xax) + axax(‘r?l.) t T %(‘T7x)

1s bounded. o

PROOF A direct application of the triangle inequality shows

1909 (L)l o) < (||grefucom,Rd)+ sup ||:'c||+1> 1l o -

(z,2)eQ
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Since for each Z the evaluation functional evz: f — f(Z) on C°(©2, R%) is bounded, the
following functions constitute bounded linear functionals for j € N:

d;: C2Q) - RY,  ®(L) = 0 (L)(zW))
o). Q) — (RY, oU) = (dy,...,d,).

For a reference point T, € Q and for p, € R%, r, € R we define the bounded linear
functional

— OL
dy: C(Q) - R dn(L) = <8:t(xb),L(xb)> : (32)
related to our normalisation condition, the shorthands q),()k) = (®1,..., Pk, Pn) and

<I>l()°°) = (®(>), ®dy), and the data
y®) = (0,...,0,pp,7) € RD* x R x R
y(>) = (0, pp, ) € CO(Q,RY) x RY x R.

Assumption 3 Assume that there is a Hilbert space U with continuous embedding U —
C%(Q) such that

{Lec@] ey (L) =y} nU #0.

In other words, U is assumed to contain a Lagrangian consistent with the normalisation
and underlying dynamics.

The affine linear subspaces

AV ={LeU|2P(L)=yP} (jeN)
ACT = {L e U|2(L) = 4>}
are closed and non empty in U by Assumptionand by the boundedness of @k(,j ) and q)l()oo)

on U — C%(Q). Therefore, the following minimisation constitute convex optimisation
problems on B with unique minima in AY) or A(®), respectively:

Loy = in |IL
() argLrélfl‘g)H v

. | 3
(c0) = arg min | Lo
Le A(0)

Here || - || denotes the norm in U.

Remark 8 To an open, non-empty set X C RY m € NU {0} denote by W™2(X) =
W™(X) the Sobolev space

W™X) = {ue L*(X)|Va € N |a| <m,d% e L*(X)},
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with Sobolev norm

lulwe = | 3 /X (0u(x))2da

|| <m

where L?(X) denotes the space of square integrable functions on X. Here the derivative
0%u is meant in a distributional sense [I]. In the machine learning setting, U is the
reproducing kernel Hilbert space related to a kernel K: 2 x 2 — R. Assume the domain
of Q is locally Lipschitz. When K is the squared exponential kernel, for instance, its
reproducing kernel Hilbert space embeds into any Sobolev space W™(Q) (m > 1) [14]
Thm.4.48]. In particular , it embeds into W™ (Q) with m > 2+ d/2, which is embedded
into C%(Q2) by the Sobolev embedding theorem [I} §4]. The element L, from coincides

with the conditional mean of the Gaussian process £ conditioned on <I>l()j)(§) = y0)
(Remark [4)). o
Proposition 5 The minima L;) converge to L() in the norm | - |lv and, thus, in
I llez@)- o

PROOF The sequence of affine spaces AL D AR D AB) O | s monotonously decreas-
ing and A(®) C ﬂj’;l AU) . Therefore, the sequence L ;) is monotonously increasing and
its norm || L(;)|| is bounded from above by || L[l Since U is reflexive, there exists a
subsequence (L(j,))ien that weakly converges to some Lzroo) € U. (This follows from the
Banach-Alaoglu theorem and the Eberlein-Smulian theorem [19].) By the weak lower
semi-continuity of the norm, we obtain

”LToo)”U < liminf|[Lgyllo < (1L llv- (34)
Lemma 4 The weak limit L](LOO) of (Lj,))ien is contained in Ale) .

Before providing the proof of Lemma [4] we show how this allows us to complete the
proof of Proposition
As LJ(roo) € A®) we have [ Loyl < ||LJ([OO)HU since L) is the global minimiser of

the minimisation problem of (33)). Together with we conclude ||LTOO) lo = [ Lso)llv

and, by the uniqueness of the minimiser L), the equality L(OO) = L(x). Thus, we have
proved weak convergence Lj,) — L(q)-

Together with the lower semi-continuity of the norm, and since L;,) is monotonously
increasing and bounded by || L (o) |7, we have

1L (o)l < limiinf || L[l < limsup [|Lyllv < ([ Lo llo
=00 i—00

such that lim; e [ L(j,)lu = [[L(so)llu- Together with L,y — L) we conclude strong
convergence L;) — L) in the Hilbert space U.

The particular weakly convergent subsequence (L;,))ien of (L;)); was arbitrary.
Thus, any weakly convergent subsequence of (L;)); converges strongly against L ().
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It follows that any subsequence of (L(;)); has a subsequence that converges to L(u).
This implies that the whole series (L(;y); converges to L)
It remains to prove Lemma [4

PROOF (LEMMA Let T € Q. As the sequence Qy = (f(m))ﬁn"zl is dense in €, there
exists a subsequence (™))% converging to 7. We have

SNL])) (@) = Jim q>,§°°) (L] o) @ ™) (35)

= lim lim CIJ( )(L(

l—00 i—00

i) @™y =o0. (36)

) 0

For this, in we use that <I>l()°°) (L](Loo)) € C%(Q). Equality in follows because each

projection to a component of @éw)(-)(f(ml)): U — R? x R constitutes a bounded

linear functional on U and the sequence (L(ji))iEN converges weakly to L}LOO). Finally,

equality (x) holds because for each [ there exists N € N such that jy > m; and then for
all ¢ > N we have <I>(() )(L(j ))( (ml)) 0.

From <I>l()°°) (LT_)(Z) =0 for all T € Q we conclude L](L

(c0)
(c0) €A . n

00)
This completes the proof of Proposition n

Now we can easily prove Theorem

PrOOF (THEOREM (1) By Theorem (8 of Appendix (also see Remark [4) the con-
ditional means computed in coincide with the unique minimisers of the problems
. Indeed, the assumption of Theorem [8 on y = yé‘/f is verified in Proposition |§| of
Appendix Theorem [T] is, therefore, a direct consequence of Proposition m
6.2. Convergence of discrete Lagrangian models

6.2.1. Statement of convergence theorem (discrete, temporal evolution)

Theorem 2 Let Q4,5 C RY x R? be open, bounded, non-empty domains. Let Q =
Qq U Q. Consider a sequence of observations

Qo = {29 = (2o, 21D, 25 )}J )

of a discrete dynamical system with (not explicitly known) globally Lipschitz continuous
discrete flow map g: Qg — Qp related to a discrete Lagrangian Lgef € CHQ), i.e.

. g(a:éj),xgj)) (:Ug ,x2 )for all j € N,
e DEL(LYY) (20, g(z0, 1)) = 0 for all (zo,x1) € Qq,

o Vl,gLfff(acl,xg) € R4 s invertible for all (x1,x2) € Q.
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Assume that {(xo(j),xl(j))};’il is dense in Q. Let K be a twice continuously differ-
entiable kernel on Q, Ty € Q, 1y € R, py, € R and assume that Lfff 18 contained in the
reproducing kernel Hilbert space (U, | - ||v) to K and fulfils the normalisation condition

DN (LEY) = (po, 1) with ®n(La) = (—V2La(M), La(My)) (37)

and that U embeds continuously into C1(Q). Let & € N(0,K) be a centred Gaussian
random variable over U. Then the sequence of conditional means Lq ;) of § conditioned
on the first j observations and the normalisation conditions

DEL(§)(#") = 0(Vi < j),  ®n(€) = (pp,7s) (38)
converges in || - v and in || - o1 to a Lagrangian Lg o) € U that is
e consistent with the normalisation ®N(Lg (o)) = (PbsTb)

e consistent with the dynamics, i.e. DEL(Lg (o0))(2) = 0 for all & = (w0, x1, 22) with
(20, 71) € Qq,(z1,22) € Q) and DEL(LF)(2) = 0.

e Moreover, Ly is the unique minimizer of || - || among all discrete Lagrangians in
U with the properties above. O

Remark 9 The regularity assumption of K (twice continuously differentiable) is needed
for the interpretation of Ly ;) as a conditional mean of a Gaussian process and for a
convenient computation of Lg ;). However, the proof will show that a relaxation to
continuous differentiability is possible. O

6.2.2. Formal setting and proof (discrete, temporal evolution)

Let Q4,9 C RY x R? be open, bounded, non-empty domains, let @ = Q, U Q. Let
Q = {(zo,x1,x2) | (x0,21) € U, (x1,22) € A} and let

Qp = {(m(()j),:cgj),xgj))};’il c Q) with (xéj),xgj)) € Qq, (xgj),xgj)) e Q for all j € N.
Assume that {(méj), xgj))};?‘;l is dense in €.

Remark 10 (Interpretation of QO) The set Qo corresponds to a collection of obser-
vation data in the infinite data limit. It can be obtained as a collection of three consec-
utive snapshots of motions of the dynamical system that we observe and for which we
seek to learn a discrete Lagrangian. In a typical scenario where Lfdef: R? x RY — R is
the exact discrete Lagrangian to some underlying continuous Lagrangian, the motions
leave the diagonal of R? x R? invariant. It is sensible to consider Q, and € that are
neighbourhoods of compact sections of the diagonal in RY x R?, o
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We consider the discrete Lagrangian operator

DEL: C!(Q) — C°(Q, RY)

(39)
DEL(Ld)(iL‘o,xl, I‘Q) = Vng(wo,ivl) + VlLd(xl,l‘g).

Here V;Lg denotes the partial derivatives with respect to the jth input argument of L.

Assume that the observations € = {(1:0 ,xg ),xéj)) °, correspond to a discrete

Lagrangian dynamical system governed by Lref cCl(Q) Wlth globally Lipschitz contin-
uous flow map g: Q, — Q, ie. DEL(Lref)(xo, (xo,21)) = 0 for all (zg,z1) € Q4 and

(a:gj),a:gj)) (m‘g ),xg])) for all j € N.
Lemma 5 The linear functional () : C1(Q) — C°(Q,, R?) with
&) (Lg) (w0, #1) = DEL(Lg) (w0, 21, g(w0, 71)) (40)
18 bounded. o

PROOF Indeed, g extends to a globally Lipschitz continuous map g: Q. — y such that
d(>): c1(Q) — C°(Q,RY) is a well-defined map between Banach spaces defined via
(40). Let ||Ld||cl(§) < 1. In particular,

sup  [|VaLa(zo,21)[| <1 and sup  [|VaLa(z1,22)[| < 1. (41)
(xo,xl)EQa (:El,wg)eﬂb

Therefore, by the triangle inequality

sup  DEL(La)(20,9(z0,21)) <1+ sup [[VaLa(g(zo,z1))||
(x0,1)€Qa (x0,21)€Qa

<14+ sup [[VaLg(z1,z2)| <2.
(xl,xz)EQb

(42)
n

We can now proceed in direct analogy to the continuous setting (Section with
L replaced by Lg and the functional ® 5 of (normalisation conditions) replaced by
the corresponding functional for discrete Lagrangians. The details are provided in the
following.

Since for each T the evaluation functional evz: f + f(Z) on C°(Q,,RY) is bounded,
the following functions constitute bounded linear functionals for j € N:

©;:CH Q) = RY, Bj(Lg) = ) (La) (@)
o). cHQ) » (RY, U = (dy,...,d,).

For a reference point x;, € 2 and for p, € R?, r, € R we define the bounded linear
functional

dy: CHQ) — R, SN (L) = (=V1La(T), La(Tp)) 5 (43)
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related to our normalisation condition for discrete Lagrangians. We will further use the
shorthands @gk) = (Py,...,P, Pn) and q)l()oo) = (®(>), dy), and define

y® = (0,...,0,pp, 1) € (RY* x R x R

y() = (0, pp, ) € CO(QLRY) x RY x R.

In analogy to Assumption [3| we consider the following assumption.

Assumption 4 Assume that there is a Hilbert space U with continuous embedding U —
CY(Q) such that

{Ly € C'@) |2 (La) =y} U £0.

In other words, U is assumed to contain a Lagrangian consistent with the normalisation
and underlying dynamics.

The affine linear subspaces
AV =L, e U2 (La) =y} (€N
A = {Lg € U| @) (La) =y}

are closed in U and not empty by Assumption [4l Therefore, the following extremisation
problems constitute convex optimisation problems on U with unique minima in AY) or
A(®) | respectively:

Lay = in |L
d(j) argLf&%)H dllu

. (44)
Li() = arg min || Lgy-
LdEA(OO)
Here || - || denotes the norm in U.
Proposition 6 The minima Lq(;) converge to Ly in the norm || - |l and, thus, in
- ller @) o
PROOF The proof is in complete analogy to Proposition n

PROOF (THEOREM An application of Theorem (Appendix to the components
of <I>£/[ considered as elements of the dual to the RKHS U shows that the unique minimis-
ers Lg(j in are the conditional means considered in Theorem [2. Notice that
the assumption of Theorem |8{on y = yéw is fulfilled, see Proposition [10| (Appendix .
Thus, Theorem 2] follows from Proposition [6} n

6.3. Convergence rates of continuous and discrete Lagrangian models

Let L) denote the Lagrangian inferred from M observations as in Theorem (1] and
let L) denote the limit as the observations densely fill a compact set. We analyse
how fast the learned equations of motions EL(L ) = 0 converge to the true equations

30



of motions EL(L(«)) = 0 as the distance between observation data points converges
to zero. We will show that the extrapolation error ||[EL(Lp))(, 2, %)| for (x,4,%) an
observation of the true dynamical system can be bounded. The bound tends to zero as
h", where h relates to the maximal distance between data points and r is related to the
smoothness of the true dynamics and the kernel. Provided that the observation data fill
the space at least as efficiently as uniform meshes, the bound tends to zero as M ~3a,
where M is the number of observation points.

Away from degenerate points, the Euler—Lagrange equations implicitly define an accel-
eration field that expresses & in terms of (z, 1) such that EL(L(,p))(z,#, %) = 0. Roughly
speaking, we will show that away from critical points, the convergence rate of the learned
acceleration field to the true acceleration field is A" (or M ~2d for uniform meshes) as
well. Moreover, analogous statements will be shown for discrete Lagrangian models.

6.3.1. Preliminaries: interpolation and smoothening theory

Our proofs make use of statements from interpolation and smoothening theory [3, 36l 57].
Let us recall notions and results that are relevant in our context.

Definition 1 (fill distance) To Q ¢ R? and a finite subset Qo C Q we define the fill
distance h of gy in ) as
ho, = dist(Q, Q) = sup min ||Tg — Z|.
ToENY TEN O
The fill distance of €2y in €2 coincides with the Hausdorff distance between the sets g
and 2.

Example 3 (Fill distance of uniform mesh and of Halton sequence) When Q C
R? is a d’-dimensional cube and € is a uniform mesh with mesh width AZ then
ha, = Vd' AT /2. If Qg contains M points,

Vi

" 204/M—-1)
Figure |10 shows the fill distance hg, when € is an equidistant uniform mesh on a d'-
dimensional cube Q and when Qg is a Halton sequence with the same number of elements.
Here 2hg, corresponds to the maximal distance between any two points in Q¢ U 0€2. It
illustrates that in low dimensions Halton sequences reduce the fill distance roughly at a
similar rate as uniform meshes. O

In our analysis we will make use of the following theorem from interpolation and
smoothening theory.

Theorem 3 (Sobolev bounds) Let @ ¢ RY be a bounded domain with a Lipschitz
continuous boundary. Let r > %d’. Then there exist constants 6,,Cy, > 0 (depending
on Q and r) such that for any finite Qo C Q with hg, < 6., for any u € W' (Q) with
ulo, =0, and for anyl=10,...,7

[ullwia) < Cr(hay)™ lullwr(o)- 5
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Figure 10: Max. distance between any two points in QU9 for Q = [0,1]¢, d = 1,2, and
Qo a uniform mesh or a Halton sequence with M elements. (See Example )

In the theorem’s statement, W7 (2) = W"2(Q) denotes the Sobolev space (defined in
Remark . u is continuous by the Sobolev embedding theorem [Il, §4]. u|q, denotes the
restriction of the function u to the set €)g.

ProoOF This is a special case of [3, Cor. 4.1]. n

6.3.2. Convergence rates for continuous Lagrangian models

We will analyse the convergence rates of the inferred equations of motions and the
acceleration field to true equations of motions and the true acceleration field as the fill-
distance of observations converges to zero. This will, in particular, provide a theoretical
explanation of the numerically observed convergence behaviour in Figure

Assumption 5 (Underlying system and RKHS) Assume 2 C R2? is open, bounded
and has locally Lipschitz boundary. Consider a kernel K: Qx€ — R such that the RKHS
U embeds continuously into the Sobolev spaceﬂ WT2(Q) for r > 2+ d. Assume that the
true acceleration ¥ can be described by a function ger: Q — R with g € (W7 (Q))4.

When Assumption [5| holds, then by the Sobolev embedding theorem [I], §4], W"+2(Q)
embeds continuously into C*4(€2). Therefore, the kernel K necessarily fulfils sufficient
smoothness properties such that for p, € R%, ¢, € R, Tj, € Q we can define to any finite
subset Qo = {(=, x)}jj‘il C Q a Lagrangian Lo, € U by (19).

Consider data-driven equations of motions EL(Lgq,)(z, %, %) = 0 inferred from finitely
many observations (2(7),#0), 7)) with Qp = {(z1),4))};. The following Theorem
provides a bound on the extrapolation error EL(Lgq,)(z, , %) on observations (z, &, &) of
the true system.

Theorem 4 (Convergence rates for equations of motion) Let Assumption@ hold.
Forp, € R, ¢, € R, Ty, € Q assume there exists a Lagrangian L.t € U consistent with
the normalization and the dynamics, i.e. EL(Lyet)(T, gret(T)) = 0, for all T € Q.

6See Remark [§] for a definition.

32



Denote by @ (L)(ZT) = rEL(L)(Z, gret(T)) for L € U, T € Q the kth component of
EL(L)(7, geet (@) (k= 1,...,d). -

Then there exist constants 0,,C, > 0 such that for all finite Qo C Q with hg, =
dist(Q0,Q) < &, and for alll =0,1,...,7, k=1,...,d

152> (Lag)llwiie) < Crhgy! | Lretllor 5

PROOF All components ®>* of the map ®>*: U — (W7 (2))? have bounded operator
norm: For any L € U and any k=1,...,d
e, L, oL

(3 "

R¥OUL) =D Faraz et T ek E ok
1

1=
In the above formula, 4 needs to be interpreted as the projection map sending a point
(x,4) € Q to the component #’. Using the triangle inequality and the Cauchy-Schwarz
inequality on the Hilbert space W"(€2) we have

; ’L oL
e ”W“mi(' aitoz 9, * oo ¢ W«m)*\axk W
i 9L
<3 (o] i+ [ o I |
et
81’k Wr(Q)
d . .
< Wy (14 3 kel + 14

As the embedding U < W"2(Q) is continuous, there exists ¢, > 0 such that
| Lllwr+2() < el|Llly. Thus, x@>: U — W7 (Q) has bounded operator norm || ®||¢ 1 (q)-
By Theorem there exist 6, > 0, C,. > 0 such that for all finite Qo C (defining Lg,)
with hq, < d, and all [ =0,...,7

5@ (Lao) lwi() < Crh" ™ 6@ (Lay ) lwr (o)

As by Remark [ Lo, € U minimizes the RKHS-norm while fulfilling the normalisation
condition and ®°(Lq,)(T) = 0 for all T € Q. As Ly € U fulfils and the
stricter condition ®>°(Lyer)(Z) = 0 for all T € €2, we have ||Lo, || < ||Lret||- Therefore,
combining all estimates, we arrive at

2% (Lao) lwice) < Crh™ [k (Lao) lwr(e)
< Gl k@ o) | Lo v

< Gl k@ g wrr o) | Lret |-

This proves the claim. n
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As by Example [3] when observations are obtained over a sequence of uniform meshes
in © C R?¥ then the convergence rate predicted in Theorem 4| is M ~34, where M is the
number of observations.

When the dynamics and the kernel are smooth, then Theorem [] can be applied for
any r. However, we expect that the constants d,, C, grow with r. Thus, higher and
higher convergence rates become dominant as the fill distance hq, decreases. This is
discussed in the following Corollary.

Corollary 2 (Convergence rates equations of motions, Gaussian kernel) Let ) C
R? open, bounded with locally Lipschitz boundary and K: € x Q — R the squared ex-
ponential kernel. Assume the observed acceleration field gref: Q@ — R is smooth and
all derivatives are bounded on Q. For py, € R%, ¢, € R, Ty, € Q assume there exists a
Lagrangian Lyt € U consistent with the normalization and the dynamics. Then for
all r € N there exist Cy, 0, > 0 such that for all finite subsets Qo C Q (defining Lq,)
with hg, < 6, and for alll =0,...,r

|7 = kEL(Lay ) (T, gret (7)) lwi () < Crhiy | Liet
for any component k =1,...,d. o

PRrROOF As K is the squared exponential kernel, its reproducing kernel Hilbert space U
embeds continuously into any Sobolev space W™ (Q2) (m > 1) [14, Thm.4.48]. Thus,
Assumption [5] is fulfilled for any r > 2 + d. Therefore, for r > 2 4 d statement follows
by Theorem {4, For r < 2 + d the statement can be deduced from the statement with
r = 3+ d for a sufficiently small 0 < §, < d344 and sufficiently large C, > Cs44. -

For a Lagrangian L € C%(Q2) at non-degenerate points, i.e. where the matrix 88;:8L;z': is
invertible, we can define the acceleration field

9(L)(@) = <;;€)Lab(x)> B <g§(az,:&) - ;;;i(x,d:) . ;1;) .

It fulfils EL(L)(%, g(L)(Z)) = 0. We have the following pointwise convergence result of
the acceleration field.

Corollary 3 (Convergence rates of acceleration field) Under the assumptions of
Theorem |4), consider a sequence (E(j))j?’;’l C Q defining a dense subset of ). Consider
the Lagrangians Ly, L) characterised in Theorem . Assume L) is non-degenerate

atT € Q. Let QF .= {f(j)};?:l. Then there exist J € N, C, > 0 such that for all k > J
19(Lk)) (@) = gret (T) || < Cr(hge)" 5
Again, as by Example [3| when the observations are obtained over uniform meshes in

Q) C R% then the convergence rate predicted in Corollary [3]is M~ 24, where M is the
number of samples.
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PROOF The Lagrangian L) is non-degenerate at 7, i.e. all eigenvalues of the sym-

. . 0Ly — . .
metric matrix %f%) () are non-zero. Let A be the eigenvalue closest to 0. Since the

Lagrangians L ;) converge to L) in || - Hc2(§), there exists Jj such that for all & > J;

2,
the eigenvalue \; of aag.fg;) (T) closest to zero fulfils |A\; — A| < %‘ As

Gcoc...clydca
j=1

and Uj; Qg) is dense in the compact set €, we have hgi — 0. By Theorem (4| and
0

U C C(Q), there exists Jo € N, C' > 0 such that for all £ > Jp
IEL(L (1)) (T, gret (X)) | < Chey,

where the norm || L[|y has been absorbed in the constant C'. For k > J := max(J, J2)
we have

Char)" > IIEL(L(k)) (T, gret (F)) — EL(L k) ) (@, 9(L(k)) (T)) |

=0
82L(k) . - .
- ' ) (@) (g1t () — 9(Liay) (@)
> B @) - (0@
=9 Gref(T g\L k)T H
This proves the claim. n

The result is consistent with our numerical experiment presented in Figure [} as the
reference Lagrangian and the kernel in the experiment are smooth, Corollary [3| applies
for any r € N. This confirms our observation that as the number of observation points
M increases (and hg, shrinks as visualised in Figure , higher and higher convergence
rates become dominant until round-off errors become dominant.

6.3.3. Convergence rates of discrete Lagrangian models

We now turn to discrete Lagrangian models. For preparation, we prove the following
Cauchy-Schwarz-type inequality.

Lemma 6 Let Q C R?? an open, non-empty, bounded domain with Lipschitz boundary.
Letr >d and g: Q — Q C R?? with g € (W"(Q))??. Then there exists Cy > 0 such that
for all f € WT(Q)

1f o gllwr—a-10) < Cyllfllwr(e)- o
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PROOF Denote coordinates of Q by z',...,22% Let f,g € W"(Q) and let s <7 —d — 1.

For m > d the Sobolev embedding W™ (Q2) C C(€2) holds. Therefore, the derivatives
9%f = % of f fulfil 3*f € C(Q) for all multi-indices o with |a| < s. More-
over, each component of 9%g with |a| < s lies in L?(Q).

A multivariate version of the Fad di Bruno formula [26] shows

0*(fog)=> (0™ f)og-gn,

™

where 7 runs through the set of partitions of the unordered |a|-tuple (multi-set)

{1,...,1,...,2d,...,2d}
N—— ——

a1 times agq times

and defines multi-indices «(7) for derivatives with |a(7)| < s.

The expression g, consists of products of derivatives of g of order less than or equal to
s. For each 7 the norm ||g,|| r2(q) can, therefore, be bounded by a repeated application
of the Cauchy inequality in L?(€2). Moreover, 9™ f € C(Q). As W™(Q) c C(Q) for
all i < s, |0%(f o g)ll2(q) is bounded in terms of || f||wrq) and a g dependent constant
Cy > 0. n

Proposition 7 Let Q C R?¢ an open, non-empty, bounded domain with Lipschitz bound-
ary. Let v > d and gres € (W7 (Q))4. Consider the map ®(>) defined by

®(*)(Ly)(T) = DEL(Ly)(T. gret(T)).-

The map ®°) considered as a linear operator ®(>): Wr(Q) — (Wr=4-1(Q))? is
bounded. o

PRrROOF Let k € {1,...,d} and let j(-) denote the kth component of a function. For
(x0,z1) € Q define g(zo,21) = (21, gret(z0,21)). We have g € (W"(Q))%4. Let Ly €
WrTH(Q). Let f = 1(V1Lgy). We have f € W (Q).

Now ||x(®))(Lyg)||yyr—a-1 can be bounded in terms of || Ly|yr+1 using Lemma @

11(@) (La) lyrr—a-1 < 6(V2La)llyr—a-1 + || f © gllyr—a
< | Lallwr + Cyll fllwr
< | Lallwr+1 + Cyl| Lallwr+1 = (14 Cy) || Lal|yr+1

for a gef dependent constant C; > 0. ™

Assumption 6 Let Q C R?? an open, non-empty, bounded domain with locally Lipschitz
boundary. Consider a kernel K: Q x ) — R such that the RKHS U embeds continuously
into the Sobolev space W™1(Q) for r > 2d+1. Assume that the true discrete dynamical
system (zo,x1) — (z1,22) on Q can be described by a map grer: Q@ — Q with grer €
(W (Q))?, where x5 = gre(20,71).
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Remark 11 (Stricter smoothness assumption) Comparing Assumption@and As-
sumption [5] the smoothness assumptions on the dynamics and on the RKHS U appear
to be stricter for discrete Lagrangian models than for continuous models. This is related
to the requirement that the target space of ®(>) (Proposition [7)) embeds into C(€) to
apply smoothening theory (Theorem [3). o

When Assumption |§| holds, then by the Sobolev embedding theorem [1I, §4], W™ (Q)
embeds continuously into C?*4(Q2) ¢ C?(Q). Therefore, the kernel K necessarily fulfils
sufficient smoothness properties such that for p, € R?, ¢, € R, T}, € Q we can define to
any finite subset g = {(xo,ml)}j]\/il C Q a Lagrangian Lqq, € U by (24).

The following Theorem provides a bound on the extrapolation error DEL(Lg o, ) (20, z1, Z2)
on observations (xg, 1, z2) of the true system, when L, is inferred from finitely many
observations. Theorem [f| corresponds to Theorem @ which relates to continuous La-
grangian models.

Theorem 5 Under Assumption@ assume that for p, € R%, ¢, € R, T}, € Q there exists
a discrete Lagrangian Lg“f consistent with the normalisation and the dynamics, i.e.
DEL(LYY)(Z, gret (T)) = 0 for all T € Q. Denote by ;@ (Ly)(Z) = tDEL(Ly)(T, gret(T))
for Lqg € U, T € Q the kth component of DEL(Lg)(T, gret(T)) (k=1,...,d).

Then there exist constants 6,,Cy > 0 such that for all finite Qo C Q (defining Lag,)

with hg, = dist(Q0, Q) < d, and for alll =0,1,....,r—d—-1,k=1,...,d

1@ (Lagy)llwi) < Crhig, ™ I L o

PROOF Let C.g > 0be a bound for the operator norm of @) : Wr+1(Q) — (Wr—d-1(Q))?
(see Proposition @ As r > 2d 4+ 1, by Theorem 3| there exists d,., C; > 0 such that for
all finite subsets Qo C § (defining Ly q,) with hg, < §, and for all I =0,...,7r —d —1
we have

12 (L, )i < Crlhay) ™48 (Lagy) lwr-a-1(0)

Cr(hay) ™ 'Cral Lago lwrsi (o)

Cr(he,) "1 1Credl| Lagy U,

IN N

where ¢ is related to the embedding U € W”+!. Discrete Lagrangians obtained via
fulfil a minimisation principle as explained in the proof of Theorem (in direct analogy to
Remark [4] which is formulated for continuous Lagrangians). Thus ||Lao,|lo < L5 0
This completes the proof. n

For Ly € CY(Q), (z§, x}), (21, %) € Q with DEL(Lg)(z§, %, 23) = 0 and Vy 2 Ly(x}, 23) =
%(m{,x@ invertible, the triple (z{), z, z%) is called non-degenerate motion segment
of Lg. By the implicit function theorem we can define a unique continuous map ¢ on a
connected open neighbourhood 9 of (Lg, (2, 2})) € C1(Q) x Q with g(Lg)(zf, x}) = 23
and

DEL(Lq)(@, 9(La)(T)) =0 V(Lg,T) € O.
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The map g(Lg) is the discrete evolution rule of the discrete dynamical system defined
by the Lagrangian L.
We have the following pointwise convergence result.

Corollary 4 (Convergence rates discrete evolution rule) In the setting of The-
orem [9 assume Q = Q, = Q and that Assumption [0 is fulfilled in addition. Let
75 = (x5, 27), (27, 25) € Q with x5 = gret(T) be a nondegenerate motion sequence of
the limit Lagrangian Lg () defined in Theorem @ Denote Q’g = {E(j)}é?:l. Then there
evist K € N, G > 0 such that for all k > K the discrete evolution g(Lg ))(T*) can be
defined with g(Lg ))(T*) — x5 and

19(La () (T*) = gret@)|| < Cr (b))~

0

PROOF By Theorem [2, L () converges to Ly (o) in the RKHS U, which is continuously
embedded into C?(2) by Assumption @ Therefore and by the non-degeneracy properties
of Lg (), there exists a neighbourhood O of gif(Z*), an index K € N, and § > 0 such

that for all £ > K and all T € O each row and each column vector of V12Lg 1)(T) =

9%L
amlgé?( ) have norm at least § > 0. We can assume O to be convex and K so large

that for all k > K the line segment between g(Lg x))(T*) and g(Lg (o)) (T*) is contained
in O.

Let j € {1,...,d} denote an index. Again, we denote the component of a function by
a lower-left- ahgned index. By Theorem I with = 0) there exists C, > 0 such that for
all k > K

Cr(hge)™™ 71 = ||;DEL(Ly,() ) (T", gret (7)) |
= ||;DEL(Lq 1)) (", gret (T*)) — jDEL(Lg, 1)) (T, 9(La, 1)) (@) |l

=0
= i V1L ) (@7, gret (T7)) — jV1La ) (@7, 9(La,)) ("))l
= [[V2(;V1) Lay (@}, 2) T (gret(F) — 9(La ) (@)
> 6| gret (T°) — g(La, 1)) (T"))]]-

Above, 2’ lies on the line segment between g(Lg (1))(Z*) and g(Lg (o)) (T*). Its existence
is guaranteed by the intermediate value theorem. The expression Va(;V1)Lg (r) denotes
the gradient of ;V1Lg ) with respect to the second input slot of Lg ). The last in-
equality holds true since the norm of each row and each column of Vi 2Ly 1) (Z*, 2') is

bounded from below by § > 0. Thus the theorem follows with C, = %. n

7. Summary

We have introduced a method to learn general continuous Lagrangians and discrete La-
grangians from observational data of dynamical systems that are governed by variational
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ordinary differential equations. The method is based on kernel-based, meshless colloca-
tion methods for solving partial differential equations [52]. In our context, collocation
methods are used to solve the Euler—Lagrange equations that we interpret as a partial dif-
ferential equations for a Lagrangian function L, or discrete Lagrangian Lg, respectively.
Additionally, the use of Gaussian processes gives access to a statistical framework that
allows for a quantification of the model uncertainty of the identified dynamical system.
This could be used for adaptive sampling of data points. Uncertainty quantification can
be efficiently computed for any quantity that is linear in the Lagrangian, such as the
Hamiltonian or symplectic structure of the system, which is of relevance in the context
of system identification. We prove the convergence of the methods to a true Lagrangian
and prove convergence rates for the inferred equations of motion, acceleration fields, and
evolution rules as the maximal distance of observation data points converges to zero.

The article overcomes the major difficulty that Lagrangians are not uniquely deter-
mined by a system’s motions and the presence of degenerate solutions to the Euler—
Lagrange equations. This is tackled by a careful consideration of regularisation condi-
tions that reduce the gauge freedom of Lagrangians but do not restrict the generality
of the ansatz. Our method profits from implicit regularisation that can be understood
as an extremisation of a reproducing kernel Hilbert space norm, based on techniques
of game theory [44]. This interpretation as convex optimisation problems is the key
ingredient that allows us to provide a rigorous proof of convergence of the method as
the maximal distance of observation data points converges to zero.

In [38] we have extended the method to dynamical systems governed by variational
partial differential equations. Another direction of research is to adapt the method to
dynamical systems with low regularity such as systems with collisions and to incorporate
noise models into our statistical framework. Furthermore, a combination with detection
methods for Lie group variational symmetries [I8, [30] or with detection methods of
travelling waves [40, [42] is of interest. This may allow for a quantitative analysis of the
interplay of symmetry assumptions and model uncertainty.
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Appendices

A. Gaussian fields

A.1l. Definitions

We recall from [44] definitions and properties of Gaussian fields and their interpretation
as weak random variables.

Definition 2 Let V be a topological vector space and V* its topological dual. A linear
operator T: V* — V' is positive symmetric if Y(T'¢) = ¢(T) for all ¢,¢ € V* and
d(T¢) >0 for all ¢p € V*. 0

Let (B, ||-||g) be a separable Banach space with quadratic norm || -|| g, i.e. there exists
a linear, positive symmetric, bijection Q: B* — B such that |lu|p = (Q'u)(u). Even
though this implies that B is a Hilbert space, the Banach space terminology is used
as the dual pairing of B* and B does not coincide with the inner product pairing via
the Riesz representation theorem. Moreover, as any positive symmetric linear operator
B* — B is automatically continuous [44] Prop. 11.2], @Q: B* — B is continuous.

Definition 3 ([44, Def. 17.3]) Let T: B* — B be a positive symmetric linear opera-
tor, u € B, (A, X, P) a probability space with P a Borel measure, and H C L?(A, %, P)
a linear subspace such that each X € H is a Gaussian random variable. A linear map

£:B* - HcC L*AX,P)

is a Gaussian field with mean uw and covariance operator T if for each ¢ € B* the
random variable £(¢) is normally distributed with mean ¢(u) and covariance ¢(T'¢), i.e.
(o) ~ N(o(u), p(T'¢)). We denote such a field by & ~ N (u,T). When u = 0, then we
say £ is a centred Gaussian field. O

Remark 12 (Notation) Consider a Gaussian field &€ ~ N'(u,T), £: B* — L*(A, %, P)
as in Definition The Gaussian field £ post-composed with evaluation at w € A
is a linear map &(-)(w): B* — R, which is an element in the algebraic dual to B*.
Strictly speaking, the map w — &(-)(w) cannot be interpreted as a B-valued random
variable because it takes values in the algebraic dual to B* but not necessarily in the
topological dual B** = B because &: B* — L?(A, ¥, P) might not be bounded. However,
w > &(-)(w) admits the interpretation as a weak B-valued random variable [44, §17.4]

and we say that £ is a Gaussian field on B.
For ¢ € B* we define ¢(£) := £(¢), which is the notation used in Sections [l to[6] o

Theorem 6 ([44, Thm. 17.4]) To any v € B and symmetric positive covariance op-
erator T a Gaussian field & ~ N (u,T) exists. 0

Lemma 7 Let £ ~ N (u,T) for uw € B and a positive symmetric operator T: B* — B.
Then for ¢,1p € B* the covariance of £(¢) and &(v) is given as

cov(§(¥),&()) = E[(§(v) — ¥(u)(&(@) — ¢(u))] = ¢vT¢. o

40



PROOF As covariances are invariant under shifts, without loss of generality we may
assume v = 0. We have

(Y + )T (Y + ¢) = cov(§(Y + ), §(Y + ) [ (Y + @) + ¢)]
= E[E(¥)E(Y) +2£(1)E(9) + E(d)E()]
= YT + 2cov(£(),£(9)) + ¢T¢

It follows that cov(&(),&(¢)) = YT'¢. n

A.2. Conditional expectation and variance

Let £ ~ N(u,T) be a Gaussian field with covariance operator T and let ¢, ¢1, ..., ¢m €

B* Let @ = (¢1,. .., ¢m) and denote {(®) = (£(41), - - -, &(dm)), P(u) = (1 (w), .. ., dm(u)),

(@T(Z)g)” 1 € R™M 0 = (¢T'¢;)7, € R™, 0Y = ¢T¢. Using Lemma the
Jomt distribution of (£(¢),&(®)): A — Rm+1 is given as

(c) ~ ((5) (&0 %))

We have £(®) — ®(u) € range(©) almost surely [20, Prop. 2.7]. Here range(©) denotes
the span of the columns of ©. Let y € ®(u) + range(0). Let the expression Of denote
the Penrose pseudo-inverse of ©. Using O] = @g 070 [20, Prop.2.16], the two linear

systems of equations
Oz=y—P(u) and OZ =0y, (45)

are solvable.

Proposition 8 ([20, Prop. 3.13]) The conditional distribution of (¢) given £(®) =y
1S given as

E(@)E(P) =y ~ N(d(u) + 67 O (y — D(w)), 8) — 6, 6'6y). o

Remark 13 The expressions ©f(y — ®(u)) and 070y denote the (column-wise) least
square solutions to (45). However, since null(©) C null(© ) [20, Prop. 2.16] any solution
to will yield the same conditional distribution. 0

Remark 14 As by the existence result (Theorem [6), the function ¢ — £(¢)|¢(®) =
can be interpreted as a Gaussian field with £ ~ N (w, T') with mean

T=u+ (T®)' O (y — ®(u)) € B, with T® = (T¢y,...,Tom)

and covariance given by the positive symmetric operator T: B* — B (in the sense of
Definition
T=T-(T®)'0N(T®).

For an interpretation of & as an orthogonal projection of ¢ and a measure theoretic
discussion, we refer to [44]. o
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The following statements are helpful to characterize conditional means of Gaussian
fields by an extremization principle.

Theorem 7 ([44, Thm. 12.5]) Let ¢1,...,¢m € B* be linearly independent. Define
© € R™™ by it elements ©;; = ¢i(Q¢;). Denote & = (qbl,...,d)m)T € (B*)™ and
QO = (Qqﬁl, . ,qum)T € B™. Then © is invertible and for any y € R™

U=y'07'Qd = Z (071 Qd;

ij=1
1 the minimizer of the convex optimization problem

U = arg min | ¥ 5.
{veB|o(V)=y}

We weaken the assumptions of Theorem [7] slightly.

Theorem 8 Let ¢1,...,¢m € B*. Define © € R™™ by O, ; = ¢;(Q¢;). Denote ® =

(¢1, .. .,(ﬁm)T € (B*)™ and QP = (Qqﬁl, .. ,qum)T € B™. For any y € range(®: B —
R™)
U=y"07Q2 = > 4i(07);;Q¢;

1,j=1

s the minimizer of the convex optimization problem

U = arg min Ul|p.
{TeB|2(¥)=y} Il a)
PROOF In preparation of the argument we first proof the following Lemma
Lemma 8 We have
ker(©: R™ — R™) C ker(R™ — B,z — z' Q®). O

PROOF The proof is inspired by [20, Prop. 2.16]. Let ¢ € B*. As the bijection @ is
positive symmetric, the following matrix is symmetric, positive semi-definite

T
- (q)(bggqb quggggb > e R(m+1)><(m+1)

Therefore, for any = € ker © = ker ' Q®, a, 8 € R we have

8

axT

0< (8 ac’)sE ( > = 526Q0 + 2086(QP) T

As this holds for all a, 8 € R we conclude ¢((Q®)"x) = 0. Since B is a Hilbert space
and ¢((Q®)"x) = 0 holds for all ¢ € B* we conclude (Q®) "z = 0. n
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Let {; ?”:1 C B* be a basis for the linear span span{¢;}7.; (m < m). The basis
elements define the vector ® = (¢~51, ce qNSm)T € (B*)™. By linear independence of

QNSj, for k =1,...,m there exist unique oy;j € R (j =1,...,m) with
ﬁl ~
G =Y iy,
j=1

This defines a unique matrix A = («;j) € R™X™M with P = Ad with linearly independent
columns. Moreover, the matrix © € R™™ defined by ©; ; = ¢;(Q(¢;)) is invertible.
Since ®: B — R™ is surjective,

range(®: B — R™) = range(A o ®: B — R™) = range(A: R™ — R™).

Let y € range(®) = range(A). Define §j = Aty and 2 = ©7'j. As A has linearly
independent columns, it is an isomorphism onto range(A) such that for any ¥ € B we
have

—= (V) =7y
Thus, the following minima coincide
arg min |¥| g = arg min | W] 5.
{VveB|®(¥)=y} {VeB|®(¥)=5}

By Theorem [7] this minimum coincides with ¥ = 2TQ®. To complete the proof of the
theorem, it remains to prove the following Lemma.

Lemma 9 Consider the linear system ©z = y for z € R™. Then Oz = y is solvable

and for any solution z ) .
U=2:'Q0 and U=3:"QP

coincide. o

PROOF Let Z be the solution to ©% = § and set ¥ = 21 Q®. Using linearity of Q, we
have

U=:"Qp=:"QAT® =((ANT2)TQd=2"Qd
with Z := (A")T2. We have
ATz = ATO(AN T2 =0z =5 = Aly.

As A'A = Idy, the restriction AT’range(A): range(A) — R™ is an isomorphism. There-
fore, as y € range(A) it follows that Z = (A")TZ solves the linear system

Oz =y. (46)
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For any other solution z € R™ of it holds that
z—Z cker® Cker((0®)": R™ — R), -
where the inclusion holds by Lemma [8| Therefore, U = ' Q® =z ' Q® = 2' QP = U.g

This completes the proof of Theorem [8

A.3. Applicability of Proposition [8] in Section [4]
To apply Proposition I 8| in Section we need to verify yé‘/f € range(O).
Proposition 9 Employing notation of Section Assumption implies yé\/f € range(0).o

PROOF Denote the components of <I>M by ¢1,...,¢5; € U*, where M = Md+d+1. Let
{qb]}Ml C U* be a basis for the linear span span{(;ﬁj} | (M < M). The basis elements

define the vector ® = (¢1, e ¢M) (U*)M By the linear independence of ¢~>j, for
k=1,..., M there exist unique ay; € R (j = 1,...,M) with

M ~
O = Z Qg Pj-
=

This defines a unique matrix A = (ay;) € RMXM igh M = A® with linearly indepen-
dent columns. Define © € RM*M py 0, = $i(K(¢;)). Recall that O;; = 0:(K(¢;))
defines © € RM*M

Lemma 10 We have ~
© =ABAT.

Proor Using linearity of K: U* — U,

M B M 3
0 = $i(K(¢5)) =D awdp | KD ajshs
k=1 s=1

i -
5 ka]s(z)k E azk@k s0js. |

k,s=1

The matrix © is invertible by construction. (Indeed, we could have chosen ésj such
that © is the identity matrix.) Moreover, A is injective such that AT : RM _ RM js
surjective. Therefore, by Lemma range(©) = range(A4). Viewing ®M: U — RM,
d: U — RM A: RM 5 RM a5 linear maps,

range(®M: U — ]RM) = range(Ao ®: U — RM) C range(A) = range(0). -

Assumption [1| implies y)? € range(®)). Therefore, y € range(0).
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In the setting of discrete Lagrangians, an application of Proposition [8] is justified as
by the following Proposition.

Proposition 10 Employing notation of Section Assumption@ implies yé‘/f € range(0).o

PROOF The proof follows in complete analogy to Proposition [0] n

B. Alternative regularisation

The following proposition justifies an alternative regularisation strategy. As it involves
non-linear conditions, we prefer the regularisation strategy presented in the main body of
the document. However, it is presented here for comparison with regularisation strategies
for learning of Lagrangian densities using neural networks [42].

Proposition 11 Let T, = (3, i3) € TR? 2 R% x R? and L a Lagrangian with %gi,(fb)
non-degenerate. Let ¢, € R, pp, € R%, ¢, > 0. There exists a Lagrangian L such that L
1s equivalent to L and

oL

L(@p) = cp, Mm(L)(@p) = 5 (Tp) = pp, Nu(L)(@) =

PROOF Let ¢ = L(T), pp = Mm(L)(%), ¢, = Nu(L)(Tp). The quantity &, is not zero
since 524 (Z) is non-degenerate. We set

¢ . . . .
p=1{ CfJ , F(z)=a"(p—ppp), c=cp— ] (pb— pPs) — o
w
Now the Lagrangian L = ,of + dyF + c is equivalent to L and fulfils (114). n

The condition N, (L)(Zp) = ¢, > 0 may be compared to the regularisation strategies
for training Lagrangians modelled as neural networks in [42]: denoting observation data
by ) = (), £0) 7)) in [@2] (transferred to our continuous ode setting) parametrises
L as a neural network and considers the minimisation of a loss function function ¢ =
Laata + lreg With data consistency term

Caata = Z IEL(L)(29))?

and with regularisation term /¢, that maximises the regularity of the Lagrangian at

data points #0) = (29, £0) ()
PL o )
() _4()
(aa'ca;'n(x v ))

Ereg = Z

The corresponding statement for discrete Lagrangians is as follows.
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Proposition 12 Let T, = (zgp, z15) € R? x RY and Io/d a discrete Lagrangian with
Mm™ (Zp) non-degenerate. Let ¢, € R, pp € R?, ¢, > 0. There exists a discrete La-
grangian Lq such that Ly is equivalent to Ly and

La(®p) = cp, Mm™ (Lg)(@p) = pp, N, (La)(Tp) =

det ( aizgi : (mb)>' =c,. (48)

O

PROOF Let ¢, = La(@), pp = Mm~ (Lg)(Z), ¢, = N (Lq)(T3). The quantity é, is not

oLy (= Y :
zero since 74— (T) is non-degenerate. We set

c . 0 o
p={ll="| F@) =a"(o—pp), c=cp—pd— (x1n—z0m)" (6~ pp1)-
w
Now the Lagrangian Ly = pid + AF + ¢ is equivalent to Ly and fulfils (48)). ™

Again, the condition N (L)(Zp) = ¢, > 0 may be compared to the regularisation
strategies for training discrete Lagrangians modelled as neural networks in [42]: denoting
observation data by #() = (a:(()j ), xgj ), xgj )), in [42] (when transferred to our discrete ode
setting) parametrises Ly as a neural network and considers the minimisation of a loss
function function £ = fgata + freg With data consistency term

Edata = Z HDEL(Ld)('%(j))”2
J

and with regularisation term (., that maximises the regularity of the Lagrangian at

(@9, 2@ 200y,

data points #() = xy’, Ty

1
) (J)
reg Z H axoaxl ))

C. Derivation of symplectic structure induced by discrete
Lagrangians
Denote the coordinate of the domain of definition R? x R? of a discrete Lagrangian Lg

by (zg,21). Consider the two discrete Legendre transforms ®*: R? x R? — T*R? [35]
with

OL oL

O™ (zg, z1) = (w0, —a—%(:co,xl)) O (20, 21) = (21, Tm(xo,xl)).

When we pullback the canonical symplectic structure Zz:1 dg* A dpy, on T*R? to the
discrete phase space R? x R? with ®* we obtain
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d 2L 2

d
oL 0L
Sympl~(Lg) = Z dzg A d ( d) Z 5 d A dxg) #dxé A dx]
s=1 r,s=1 0 Loy

d
%Ly
=y T e
] Ox0x]

d d
oL 62 82L
s=1 1
d
0?Lq
= dai A dag
er Oxi0x; 17 %o

We see Sympl™ (Lg) = Sympl™t(Ly).
The 2-form corresponds to the notion of a discrete Lagrangian symplectic form in [35),
§1.3.2].
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