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ARTICLE INFO ABSTRACT

Keywords: Polycarbonate (PC) is an amorphous polymer known for its advantageous mechanical properties, such as high
Glassy polymers tenacity and glass-like transparency. As a result, PC is widely used in various industries, including medical
G'rad‘e"t’e_“#a“ced damage devices, the automotive sector, sporting equipment, and many other products. During its service life, PC
V,lscc’plasmlty undergoes plastic deformation, which leads to damage and eventual failure. Consequently, reliable material
Time-dependent damage . . . . .
Regularization models are essential to predict such complex material behaviors and to reduce the need for costly experimental
Asymmetry testing.

In this work, we develop a gradient-damage theory for amorphous glassy polymers within a micromorphic
framework, accounting for both plastic deformation and damage. The evolution of damage is considered to
have a temporal dependence, an aspect that has been underexplored, alongside the evolution of viscoplasticity.
Both processes are consistently formulated in terms of free energy and potential functions. Arrhenius-type
multipliers are employed to describe the evolution of plasticity and damage. This theory is implemented within
a finite element framework, and several numerical examples, including both homogeneous and inhomogeneous
cases, are presented to demonstrate its capabilities.

1. Introduction

Polycarbonate (PC) is widely used in industrial applications due to its favorable mechanical properties, such as high strength and good pro-
cessability. Nevertheless, its mechanical performance is often limited by damage mechanisms including crazing, shear yielding, and microcracking,
which initiate and evolve under complex loading conditions. Accurate prediction of the mechanical response and failure of such materials therefore
requires constitutive frameworks capable of capturing the coupled evolution of viscoplastic deformation and damage.

The development of constitutive and damage models for glassy polymers has progressed significantly over the past decades. Early microme-
chanical insights were provided by Argon (1973), who highlighted the role of localized shear transformations in plastic deformation. Building on
this foundation, Boyce et al. (1988) proposed a constitutive model incorporating both viscoelastic and viscoplastic responses, which has become
a benchmark for describing large-strain polymer behavior. Subsequently, Anand and Gurtin (2003) introduced a thermodynamically consistent
framework to model the interaction between viscoplasticity and damage, while Estevez and Van der Giessen (2005) emphasized the importance
of coupling mechanical and environmental effects in damage modeling. In Zairi et al. (2008), constitutive equations based on a modified Bodner—
Partom model were proposed to describe elasto-viscoplastic damage in rubber-toughened glassy polymers, incorporating hydrostatic stress and
void evolution with strong agreement to experimental data. A thermodynamically based constitutive model for thermoplastic polymers was further
developed in Krairi and Doghri (2014), where total strain is decomposed into viscoelastic and viscoplastic components, and ductile damage evolution
is linked to viscoplastic strains with isotropic and nonlinear kinematic hardening.

Beyond constitutive modeling, the rate dependence of damage evolution represents a critical but comparatively less explored aspect of continuum
damage mechanics. In Lemaitre (1985), the dissipation potential is decomposed into viscoplastic and damage-related contributions, both formulated
as time-dependent processes. More recently, Lamm et al. (2024a) derived evolution multipliers from plastic and damage potentials with temporal
dependence expressed through Perzyna-type formulations, highlighting the importance of rate effects in coupled damage—plasticity processes.
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A further key challenge in modeling glassy polymers is the pronounced asymmetry between tensile and compressive behavior. While these
materials tend to fail under tension, they can sustain significant plastic deformation under compression, a behavior largely attributed to crazing
and microvoid growth under tensile stress. Several modeling approaches have been proposed to represent this asymmetry. Phase-field models, such
as that in Yin and Kaliske (2020), consider degradation of only the fracture-driving part of the energy function, whereas the framework proposed
in Mahnken (2003), Shaban et al. (2007) and Mahnken et al. (2008) introduces stress-mode-dependent weighting functions in flow rules, damage
evolution, and material parameters. By assigning separate weighting functions to tensile, compressive, and shear stress modes, such approaches
capture the softer tensile response and the more resistant compressive behavior observed in polymers and other engineering materials.

However, local damage formulations often suffer from pathological mesh dependence associated with strain softening and damage localization.
To address this limitation, nonlocal and gradient-based regularization techniques have been extensively developed. Integral-type nonlocal models
represent one of the earliest strategies, in which state variables are spatially averaged over a characteristic interaction length to regularize
localization (Peerlings et al., 2001), although their application is often limited by computational cost and implementation complexity. Gradient-
enhanced damage and plasticity models provide an alternative by introducing internal length scales through higher-order spatial gradients of
damage or plastic strain. The theoretical foundations of gradient damage were initially developed for quasi-brittle materials and later extended
to ductile fracture and finite-strain formulations (Peerlings et al., 1996; Comi, 2001; Engelen et al., 2006). These approaches were subsequently
generalized to coupled damage—plasticity mechanisms, enabling objective simulation of strain localization and post-peak softening (de Borst and
Pamin, 1996; Geers et al., 1998).

Micromorphic formulations enable a mathematically consistent framework for gradient-enhanced damage by introducing additional kinematic
fields and balance equations, with applications to ductile damage and gradient plasticity at finite strains (Forest, 1998, 2009; Forest et al., 2011) and
further conceptual extensions coupling gradient-enhanced plasticity with ductile damage and viscoplasticity (Brepols et al., 2017a). For amorphous
glassy polymers applications, nonlocal and gradient-enhanced theories introduce intrinsic length scales, enabling mesh-objective simulations of
post-yield softening and ultimate failure (Nguyen et al., 2014, 2016; Narayan and Anand, 2021). Other gradient formulations have been developed
for semicrystalline polymers, where damage is coupled with rate-dependent viscoplasticity at large strains (Wiersma and Sain, 2023; Satouri et al.,
2022, 2025; Lamm et al., 2024b).

Beyond classical damage descriptions, theories including viscodamage have been introduced to capture rate dependency under complex loading
conditions (Voyiadjis et al., 2012). Recent constitutive models of amorphous glassy polymers combine viscoelasticity with viscoplastic flow, enabling
accurate predictions over wide ranges of strain rate and temperature (Alves et al., 2023; Ferreira et al., 2023; Zhou et al., 2023). These models
provide a robust and thermodynamically consistent basis for large-deformation simulations and natural coupling with gradient-enhanced damage
and fracture formulations.

Multiscale methods have been employed to investigate fracture mechanisms in glassy polymers, linking molecular-scale deformation processes,
craze evolution, and macroscopic fracture resistance (Zhao et al., 2024a,b; Laschiitza and Seelig, 2025). These studies underscore the critical role
of microstructural mechanisms in crack initiation, cyclic craze growth, and failure under complex loading histories.

Recent gradient- and micromorphic-enhanced formulations have been proposed to regularize localization in coupled plasticity-damage
models formulated in logarithmic strain space. Friedlein et al. (2023) developed and compared different gradient-enhancement strategies for
plasticity-damage coupling, focusing on the comparison between additive and multiplicative strain decompositions. Their formulation employs
a comparatively simple damage evolution law and does not explicitly account for a distinct damage yield surface or damage-driven threshold
mechanisms. The authors in Brepols et al. (2017b), Holthusen et al. (2022) and Lamm et al. (2024b) proposed a gradient-enhanced plasticity—
damage model based on a double-surface concept, in which separate yield surfaces govern plasticity and damage evolution. Their model incorporates
time-dependent damage evolution and explicitly accounts for a damage activation criterion, leading to improved numerical robustness and mesh-
objective responses in finite strain simulations. However, despite these advances, existing models do not fully capture the thermally activated rate
dependence of damage and the pronounced tension-compression asymmetry characteristic of glassy polymers.

In this work, we propose a gradient-enhanced viscoplastic damage model tailored to glassy polymers, combining a novel damage—plasticity
formulation with micromorphic regularization. Building on the Lemaitre damage framework, the model provides a physically consistent description
of the coupled evolution of plasticity and damage, both treated as time-dependent processes, an interaction that remains relatively underexplored.
Plastic and damage potentials are introduced in a unified manner, enabling a consistent derivation of the associated evolution equations. Both
processes are formulated with Arrhenius-type multipliers and are thermally activated. The unified hardening laws govern damage and plasticity,
derived directly from energy function.

Our model is implemented using an eight-node nonlinear brick element with four degrees of freedom at each node. In the first stage, we
demonstrate the homogeneous material response through a single-element test to highlight the key characteristics of the model. The numerical
analysis performed on various specimens shows that the model effectively addresses the issue of shear band localization and provides a plausible
prediction of the crack path.

The structure of the paper is as follows: Section 2 introduces the thermodynamic framework underlying the micromorphic model, and presents
a general formulation for viscoplasticity coupled with time-dependent damage. Section 3 addresses the numerical aspects, including the integration
scheme and the computation of algorithmic tangent moduli. Section 4 demonstrates the application of the proposed theory through numerical
analyses of a one-element test and various specimen geometries. Finally, Section 5 offers concluding remarks and discusses directions for future
research.

Notations
Square brackets [+] denote ‘function of and are used to distinguish this from mathematical groupings with parentheses (s).
2. Constitutive modeling for gradient enhanced damage model within micromorphic framework
2.1. Kinematics
Infinitesimal line elements dX in the reference configuration %, at t = 0 are mapped to dx in the current configuration %, by the deformation

gradient F. We define the Jacobian J = detF, which quantifies the local volume change and maps a reference volume element dV in %, to the
current element dv in 3, via dv = J dV.

1. dx = FdX, 2. dv=Jadv, (@]
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and the gradient H of the micromorphic variable ¢ is defined as
d$ = H - dX. @

In this paper, we develop a finite-plasticity framework expressed in terms of the total Hencky strain tensor E in logarithmic form; see Hencky
(1928), Seth (1964), Ogden (1984) and Silhavy (1997). We treat this strain measure as a function of the right Cauchy-Green tensor C, namely:

1.C=F-F, 2.E=%lnC. 3)
For the subsequent analysis, two fourth-order projection tensors and a material rate-of-deformation tensor are introduced:
) 1 JE 1.
L =1--1®1, 2 P=2—, 3.D[r=-C[1, 4
3 ® 3C [1] 2 [1] (€]

where 1 and I are second- and fourth-order unit tensors, respectively, and where the dot above the argument denotes the derivative with respect
to time ¢. Furthermore, by use of the spectral decomposition,

3 3
_ 2\jA _1 2014
LC=Y AM = 2.E_§zln/1AM, (5)
A=1 A=1
the following relation can be shown:
3
nJ = 12IndetF = Linderc = L2z = 1 Z In A2 = trE. (6)
2 2 2 17273 2 ~ A

The total Hencky-strain tensor is additively decomposed into elasto- and viscoplastic parts as

E =E’ + E°. )

2.2. Constitutive relations

Following the approach in Forest (2009), we introduce the linear momentum and micro balance together with the entropy and energy equations

1. i—-Div[F-S] = b (linear momentum)
2. poé+Divqgy, = P+pyre (energy)
3. —poé+py0n+P— % qo-Gradé >0 (entropy) ®
4. a-Div¢g = m (micro balance)
and where
P=S:D+¢-H+ad 9

is the mechanical power due to macroscopic and micromorphic variable related stresses and forces, Forest (2009). In accordance with and in addition
to the previous notations we use: p, - density in the reference configuration, u - displacement vector, D - material rate of deformation tensor of
Eq. ((4).3), 0 - absolute temperature, S - (symmetric) 2nd Piola-Kirchhoff stress tensor, b - mass density of external forces, ¢ - mass density of
the internal energy, q, - heat-flux density vector, # - entropy per unit mass, r, - mass density of heat supply, H - rate of microstrain, ¢ - damage
microstress, d - damage microforce, m - damage micro load, and where the terminology “micro” is a synonym for micromorphic variable related
quantities. We also recall, that the inequality ((8).3) is known as the Clausius—Duhem inequality.

Upon using a Legendre-transformation between the internal energy e and the Helmholtz energy ¥ via relation ¥ = e — 6 5, the inequality ((8).3)
becomes

1. D = D™ 4+ D% >0, where
2. D™ = P-p¥, (10)
3. DM = —pydn— éqo - Grad 6.

Here D™ and D" are mechanical and thermal dissipation terms, respectively. In the sequel, we restrict ourselves to the mechanical part subjected
to isothermal conditions and require

D™ =P—-p ¥ =S:D+¢-H+ad—p¥ >0, (11)

which means the temperature is maintained constant over time during loading, while the material response remains temperature-dependent. Let
us assume the functional relationship

¥ =WI[E" q, H,d, ¢, %] (12)
for the Helmholtz energy, where E° is the elastic part of the Hencky strain tensor in Eq. (7) and %g = (°qy, ...,?q,) is a vector of #n hardening internal
variables of strain type. Analogously, we introduce % = (%, ..., %,) as a vector of % of damage hardening internal variable of strain type. d and

¢ are isotropic damage and micromorphic damage variables, respectively.
Next, by use of the kinematic decomposition Eq. (7) the time derivative of the Helmholtz energy ¥ multiplied by the (bulk) density p, is obtained
from Eq. (12) as

o oY

v oY oY
:(E-F° = P+ po=—d + py— - 4
( )+Poapq (i y

J
PO 5Ee o7 4

T:P:D-T:E+20-%+Y,d+¢- H+ad+Q%,

. : o ;
Y = H =
Po +Poa¢¢+ﬂo

13)
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where P and D are defined in Egs. ((4).2) and ((4).3), respectively.
In the sequel, we provide a concrete formulation of the Helmholtz energy function in Eq. (12), which is split into a local part ¥/*¢ and nonlocal
part P"°¢ as

I WIE.q H.p.d] = ¥[EPd )+¥"[H.$.d], where
2. [PIUL‘ - lpisv + 1{/1101 +pp
. G
3. yhe = fdev(d)p_oEfleu : Eeru’
K 2
! —

4. P = S (B as

n=2 1
5. pro = — H,’q’,

! “u n=2 1 2

6. q/nloc — _m(¢_d)2+_H.H+ —H.dq_,

2pg 2po Z’ 20

The terms ¥'° and ¥ take storage quantities related to the elastic strains E° into account. The first term considers isochoric elastic deformations,
where E,, = Iev : E¢ = E¢ — tr[E°]1/3 and 1 is the second order unit tensor. The second term considers volumetric elastic deformations. For an
isotropic material G and K are the shear modulus and the bulk modulus respectively. The inelastic part ¥? of the Helmholtz energy is defined in
Eq. ((14).4). It accounts for energy storage due to inelastic deformations, more concretely to combined linear and nonlinear isotropic hardening.
P, and 7g, are (scalar) internal variables of strain type, such that its number is #n = 2. H;, i = 1,2 are material parameters. The nonlocal part P"/
of the Helmholtz energy is defined in Eq. ((14).6). It accounts for energy storage due to microstructural properties consisting of two scalar type
parts and a gradient type part. #H is a damage coupling modulus that forces proximity between the macro and micro variables ¢ and d, ensuring
a regularization effect and %4 is a damage regularization parameter. The last term of the nonlocal part of the energy function accounts for the
energy storage due to damage evolution, where g, and ‘g, are damage hardening variables, such its number is % = 2. H,,,i = 1,2 are material
parameters.

In this work, the damage function is decomposed into deviatoric and volumetric contributions to distinguish between shear-driven and
dilatational degradation mechanisms, as introduced in the original work of Kiefer et al. (2018), Sprave and Menzel (2020) and Schulte et al.
(2020). Particular focus is placed on the deviatoric damage component, which is assigned greater weight in the overall damage evolution, as
demonstrated later in our numerical analysis. This modeling choice is physically motivated by the fact that amorphous glassy polymers typically
exhibit nearly incompressible behavior under mechanical loading, as confirmed by our experimental investigation on glassy polymers in Hamdoun
and Mahnken (2024b). In such materials, the volumetric stress state contributes only marginally to material degradation. Damage processes such
as void nucleation and growth are relatively limited compared to deviatoric mechanisms — such as shear yielding and crazing — which dominate
the material response. These phenomena are inherently deviatoric in nature and are directly linked to significant stiffness degradation and failure.
Therefore, treating the volumetric and deviatoric components of damage separately allows our model to more accurately capture the experimentally
observed mechanical behavior.

We define the volumetric, deviatoric degradation functions f,,, f4., in Eq. (14) as

L. fuol(d)

exp(—yd),

(15)
2. faed) = exp(—ny.,d),
where 7,,, and 7,,, are the volumetric and deviatoric saturation parameters.
With the Helmholtz energy in the Eq. (14), the thermodynamic forces are obtained as
b4
LT = pyors = 2f4a(d)G E, + frg (@KUE] 1,
ik d .
2. ;= P0Grg = Hfg;, =12
3. a = po% = H(p —d),
o (16)
4. = py=— =W H
¢ Po oH s
oY K 2
5. Y, = _pow = _(fa/lev(d)GE;eu : Efleu + fL/va/(d)i (tr [Ee]) )+ H (¢ - d),
oY .
6. in = poad—qi = Hdidqi’ i=1,2.

Here the first two terms of the Eq. ((16).1) are the deviatoric and volumetric parts of the Hill stress under elastic deformation, and the quantities
PQ, and PQ, in Eq. ((16).2) refer to stress like internal variables and are responsible for the softening and hardening of the material, respectively.
Egs. ((16).3) and ((16).4) represent the microforce and microstress vector, respectively. Y, in Eq. ((16).5) is damage driving force and the quantities
40, and Q, in Eq. ((16).6) are damage hardening, respectively.

Now, the dissipation inequality (11) reads as

D™=S-T:P):D+T:E -0 -%+Y,d-"Q-%>0. a7

Applying the Coleman-Noll procedure, requiring that the dissipation inequality (17) should be valid for all processes, including D = 0 and

H = 0. Therefore, as a necessary condition we conclude

I. S-T:P):D=0 = 2. S=P:T, 18)



A. Hamdoun et al. European Journal of Mechanics / A Solids 119 (2026) 106137

and the reduced form of the inequality (17) becomes
D =T:E -0 %+Y,d-"Q%>0. 19)

The thermodynamic consistency is discussed in Appendix A.
The coupled strong form for the initial boundary value problem is obtained from Eq. (8) as

1. —DivPlu,¢] =b Xe%

2 alu, @] - Divi[p] = ml¢] Xex

3 PN =T X € 0%, 20)
4. u =u X €03,

5 N =T, X € 0%,

6 ¢ =¢ X € 0B,

Here P = F-S is the first Piola—Kirchhoff stress tensor. The equilibrium conditions Eq. ((20).1-2) constitute a coupled problem due to the dependence
on the primary fields u and ¢. 0%,, 09%,, 0%,, and 0%, are Neumann and Dirichlet boundary conditions for the micro and macro problems,
respectively. We assume that the micromorphic tractions satisfy T, = 0.

By aid of Egs. ((1).2) and ((16).4), ((20).2) rewrites as

MH(p — d) — Dive = H( — d) — “ADiv(dxp) = 0
IA [e3))
2 - ; 2 —
= ¢-1ZAxp=d €3RB, with = a
Here, Ax = Div dx is the Laplace operator and /, is an internal characteristic length scale, that governs the gradient effect. This length scale is real
positive, given that the parameters “A and “H are positive.

2.3. Damage and plasticity evolution

In Lemaitre-type isotropic damage in Lemaitre (1985), the macroscopic stress acting on the damaged configuration is reduced because the
load-bearing area decreases as damage grows. A standard way to preserve a physically meaningful driving force for plastic flow is to work with an
effective stress that refers to the undamaged configuration. In the present formulation, the effective deviatoric stress tensor T,,,, which is related
to the undamaged cross-section area, is defined as

Tdev = fd_elu(d)TdeU =2G Effeu (22)
For numerical stability, we perform a modification for the function f,,,, namely
exp(— ,,d) + €
Fueotay = S D TE 23)

1+e¢
where € = 1075,

Glassy polymers exhibit shear yielding before rupture, and damage occurs only after a threshold is reached. To reflect this behavior, the model
adopts two distinct activation mechanisms: a plastic surface governed by the equivalent stress ¢, and the plastic resistance ?Q, and a damage surface
governed by the damage driving force Y, and the corresponding resistance Q. By aid of the Hill stress tensor in Eq. (22) we define the equivalent
von Mises stress, the stress-like internal variables, the damage hardening variables, the plastic potential and damage potential

3 -
= A
2

Q
|

20 = )0 =70 +70,
i=1
2

3. do = Zin:dQl+dQ2’ 24)
i=1

~
S
Il

- ()
(G5

The quantities 0, and ?Q, are the stress-like internal variables in Eq. ((16).2). The quantities dQl and "Qz are the internal damage hardening
variables in Eq. ((16).3). m, and m, are material parameters.

The present work also adopts a double-surface framework but goes beyond existing approaches by introducing a thermally activated, rate-
dependent damage evolution based on an Arrhenius-type formulation. This extension enables a physically motivated description of time-dependent
damage processes, which will be further investigated in future experimental studies. Plasticity evolution and damage in glassy polymers are rate-
dependent and thermally activated processes. Therefore, the plastic flow and damage multipliers ip and A, are defined using an Arrhenius-type

formulation as
. AfO o, \"
wer (7= ((3) 1))

. . A,
L. 4, Ap €XP <7¢p>
AQ (Y \"™
0 aQ ’

. Ay
Ago €Xp Ttpd
5

5. @,

(25)

2. Iy

|
>
x
(=}
a
>
s}
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where /1'],0, A40s A,, and A, are material parameters and 6 is the absolute temperature. Additionally, we define the evolution equations for the
internal variables 4p; and internal damage variables g,, in Eq. (12) as

. - PO,
2 T /1p<1—pQ*]>,
3. P4, = A,
q2 4 dQl (26)
s — f _
5 b, = A,

Here, ?0*,, and 9Q*, are material parameters.
Furthermore, we define the evolution equations for the plastic part E? in Eq. (7) and the damage variable d in Eq. (12) with the help of @, and
@, in Eq. (24) as

0D .\ ™1 3 T T
- : p -1 : v dev dev
. KB = I —2=fldim (-) =N, where N=— = ,
Por e PP nQ 2 ITgeoll I Taeoll @7
mg—1
; LoD, . Y, \ "
2. d = =L =im (L .
Y, Q

The time derivatives of the thermodynamic forces in the equations are calculated by inserting the evolution Egs. ((26).1), ((26).2), ((26).3)
Eq. ((26).4) into Eq. (16), so that

V7
. 0 = le/fp(l—%ll>’ with #0,[1=0]=0,,
2., = H_ i, with 20,[t=0]=0,
2 p2%p 0 2 o)
3. 90, = Hy iy <1_dQ_*l>’ with 90,1 = 0] = Oy,
1
4. 99, = HyA;, with 9Q,[r=0]=0.

Here, Q,,, and Q,, represent the threshold values for plastic flow and damage initiation, respectively.
By aid of Eq. ((27).1) the rate of equivalent plastic strain ¢, becomes

my,—1
é, = ,/%Ev (B = (d)am, <%> " (29)

Remarks
1. Note, that the flow parameter /1'1, in Eq. (25) is always non-negative, which has some consequences for the proof on thermodynamic
consistency presented later.
2. By aid of the Hill stress T and the inelastic strain rate in the relations ((27).1) we obtain

1. T: Eli =T: f—l (d)}. m & K é Tdeu = A m & mp_lo‘ (30)
: . - © Jdev PP\ pQ 2||Ta’ev” —rp 0 v

3. In Eq. (28), PQ, and ?Q, define softening and hardening, respectively. For 0*, > Q,, PO, is negative and consequently softening takes place.
The quantity ?Q, is a monotonically increasing function and represents hardening.
4. Following Mahnken and Dammann (2014) and Mahnken and Shaban (2013), we set m = g. Therefore, under our consistent double-surface

damage-plasticity formulation, we also take m, = %

2.4. Damage asymmetric effect

Glassy polymers show pronounced asymmetry in the mechanical behavior between tension and compression, where damage initiates and
progresses under tensile loading. However the material exhibits higher resistance to degradation under compression. Following Mahnken (2003),
Each stress mode is associated with a distinct weighting function, enabling the model to apply varying activation levels based on whether the stress
state is tensile or compressive.

In this work, those weighting functions depend on the stress mode factor &, where
NEE P

Lg=— X Ji= 21 (T, (3D

Here, the stress mode j = 1,2, ...,.S can be investigated, for example, in tension, compression, and shear, respectively. The specific mathematical
structures for weighting functions have been in Mahnken (2003) formulated on the basis of the quantities

LY wlél=1. (32)

For the stress modes related to loading scenarios of tension and compression, we set S = 2. Then, the requirements (32) are satisfied by the
following weighting functions in terms of the stress mode factor &

1
F1+8,

1
F1=9.

1. tension : w[€]
(33)

2. compression :  wy[£]
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Table 1
Constitutive relations for finite elasto-plasticity with gradient term.

1. Kinematics
1. H=ogop,
2. F=oo,
3. C=F.F, (35
4. E=E°+E’, where E= %m (€], ok = E:1 Ej, =F - luEn
II. Energy function
20 = 0o + po P 4 pg P + P

n=2 n=2
- ¢ . e e1y2 1 2 1 , A 1 .2 (36)
= fueod)GES | B + fo(d)K (tr[E€])Y + ; 3 Hi g + 3 H(p—d) + SH-H+ ; 3 Hay ')
III. Evolution of the stress like internal variables and internal damage hardening variables
. . o

L. ”Ql = HI’]A'I'(I_[)Q%])
2. 10, = Hyi,
3. [ = Q. + P

(%] 0, +70, w0, @7

a _ .
4. 91 = Hd]/l.a (1_"Q*1>
5. sz = Hyyhq»
6. ‘0 = ‘0,+7,

IV. Forces and stresses

LT = Ty +Ty, where T, =f,(d)Ktr[E]1, Ty, =274, (d)GE], .
2. T,, = L (@)Ty,, =2GE;, .
3.4 = H(p-d) (38)
4. ¢ = 4AH
5., = -/}, (GE;, :E, + f;nl(d)g (w[E])) +H (¢ —a)
V. Flow direction and flow factor
Tyer

1. N -

T el 39

) . A PQ o, \"" 34
24, = e (22 () -1)) where - NE

VI. Inelastic strain evolution

. 0o, o (e, \" 3 . P A
R fdw(d),{pmp<@ SN e =3 = @i, (2 (40)

VII. Damage evolution

. . A0 Y, \™
. A = Adoexp<7dg ((%) —1))

g1 “D
. R Y, \™
2d = d=dygt = (35 ,
VIII. Material parameters
kK, = [K’G"{p(]’Ap’QO’PQ*l’HpI’sz’dQ*I’ Hdl*H:Iz*’{zl():’Adi’QIIO:’”uul,~r’detr,’ {i= Lz)»“»”“”mwmdr (42)
The set of weighted material parameters used in this study to capture the asymmetric effect is
s
L. Muol = Z w; [é]nuol, >
i=1
s
2. Mgey = z w; [f]’?deui’
i=1
s
3.0 = Y wlé0u (34)

w;[E1A4;,

A~
>
Y
Il
M

W

o
S

I
DM

w;[€] )‘”dOi'

2.5. Summary of constitutive equations

The complete set of equations is summarized in Table 1: The standard additive decomposition of the total strain tensor E is introduced in Eq. L.
Eq. II specifies the energy function ¥, which is split into an elastic volumetric part ¥, an elastic isochoric part ¥/, a plastic part ¥” and a
nonlocal part ¥”/° related to damage evolution and regularization. The parameters K and G denote the bulk and shear modulus, respectively
taking into account that G = G[E,v], where E is Young’s modulus and v is Poisson’s ratio. In the nonlocal part #4 is a micromorphic stiffness
and 41 is a penalty term forcing proximity between d and ¢. The thermodynamic forces Q,, Q,,, Q4, and Q,, are given in Eq. III, and Eg.
IV summarizes the different stress tensors. The flow direction N, the flow multiplier and the von Mises stress are presented in Eq. V, where the
evolution of the inelastic strain tensor E? is given in Eq. VI. In Eq. VII damage evolution is presented. Finally, Eq. VIII in Table 1 summarizes all
material parameters.
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3. Algorithmic implementation
3.1. Weak formulation and linearization

To construct the weak form of the problem in Eq. ((20).1) we multiply the linear momentum and micromorphic balance equations by the
corresponding vectorial and scalar test functions éu and ¢, respectively. By considering the boundary condition Egs. ((20).3) and ((20).5),
integrating over domain % and applying divergence theorem, the weak formulation is obtained as:

1. Rylu,¢;6ul = fi"[u,¢;du] — £ [6u] = (S : FTogéu)g — (Su-byg — (5u-T)yz =0

! - 43
2. Rylu.d:6¢] = f5" [u.d:6¢] — £ [6u] = (£ - 0xd¢ + a6p) g5 — (5pm) g5 — (60T,,)95 =0 “

where fi™ and £ are the internal and external works, respectively.
The highly non-linear system of Egs. (43) is linearized with respect to the global unknowns u and ¢ using Gateaux derivative, see e.g. Marsden
and Hughes (1994), and solved iteratively using Newton method for the increments Au and A¢

1. Rylu, ¢;6u]

Rylu, ¢;6u] + DR, [u, ¢; 6uldu + Dy R [u, ¢; 6uldg = 0,

2. R¢[u, ¢;6u]l = R¢[u, ¢; 6u] + D“R¢[u, ¢; 6uldu + D¢R¢[u, ¢;6uldgp = 0. “9
In the reference configuration, the tangent forms appearing in Eq. (44) take the following closed form:

1. D,R,u,¢;6u]-4u = ((C':FT-oxgau) : FT . oxsu+ (dxdu-S : dxéu))g

2. DyRylu,¢;éul-4p = ((C24¢ : ogou))g 45)

3. DyRylu,¢;6¢]-4u = ((C¥ :F'.oxdu) - oxs¢+ (C? : F' - oxdu)sp)g

4. DyRylu,¢;6p]-Ap = ((CH -dxAp) - oxs¢+ (CPAD)5)
in which the algorithmic tangent moduli are defined

. C'= 2% 2. = S—Z 3. 3= 2%, c®? = 2% 4 4= :—fl o= %. (46)

A detailed derivation of the tangent moduli is provided in the Appendices.
3.2. Spatial discretization

In line with the standard approximations of the finite element method, the geometry of each spatial element ¢, with respect to the reference
and the current configurations, is approximated as

Mnode

LX= Y XN,
a=1 -
Mnode

2.x= ) x4 N, (47)
a=1

Mnode

3= ¢ N
a=1

Here ng.q. is the number of nodes per element, N, are the shape functions, and X¢,, x¢,, ¢, are the corresponding nodal values. The gradients in
Egs. (1) and (2) become
Mnode
LF= ) x,®0xN, &) =Fl e ®e¢,
a=1

(48)

Mnode
2H=) ¢, ®KN,&)=[Hl e Qe

a=1

Then, the residuals Eq. (44) as well as the tangent forms in Eq. (45) are given for each finite element 9%, in Appendix B.
3.3. Time integration of evolution equations

This section is concerned with numerical integration of the rate-equation for E?,¢, and d and in Table 1. Following standard integration
procedures in finite element techniques a strain-driven algorithm is considered, where the total gradient "*!'F at each time step "*!t and initial
values ("E?,",,"d) are given. Then it is the object to find the corresponding quantities ("*'E?,"*le,,"*1d) at time "*!¢ consistent with the constitutive
equations in Table 1. To alleviate the notation, from now on the index n + 1, referring to the actual time step, will be omitted.

For numerical integration of the rate-equations for E?, ¢, and d summarized in Table 1 an Euler backward rule, which is unconditionally stable,
renders the following update scheme

1. E? = "EP + AE? h 2. AEP = f71 (d)AA <U”>mp_l \/gN 3. N Tueo
. = , where . = m — —IN, . = —=)
dev PP pQ 2 ”Tdevll

Y my—1 Y my—1
4. d = "d+ Aiymy <%> , where 5. Ad = Ai,m, (%) (49)

o ml,—l
6. e,= "e,+4e,, where 7. de,=f;!(d)Ad,m, (@) .



A. Hamdoun et al. European Journal of Mechanics / A Solids 119 (2026) 106137

Since T,,, and Tf;w are coaxial, flow direction in Eq. ((49).-3) renders

T Ttr

~dev — Idreu . (50)
ITgeoll T,

The Hill stress tensor is obtained from the relations
1. T = T,;+7T,, where
2. Tuol = fvol(d)Ktr (Ee) 1
tr O—u mpil 3 (51)

3. Ty = fdw(d)wa —2G4AA,m, <@> EN

4. T = 2G(E,,—"EP)

and where T’} 'is typically referred to as the trial stress tensor, see e.g. Simo and Hughes (2006) and references therein. Thus it remains to determine
44, iteratively as described in the following subsection.

With the help of Egs. ((51).3) and ((51).4), the effective deviatoric stress tensor wa obtain in Eq. (22) renders
3

my—1
— f7L@2GAIm, <ﬁ> 2N (52)

Td ev = Ty nQ 2

dev

3.4. Algorithmic treatment in local iteration

The internal variables T,,, and d appearing in Eqgs. (49)-(52) are determined from a coupled nonlinear equation system. Taking the norm of
Eq. (52) and invoking the discretized damage update rule from Eq. ((49).4) leads to the unknown vector x = [ IT 0!I, 17 and the residual system

L r=[r,rd" =0,

B ~ 3 c mp—l B
2 Tl = ~26 44, £ @myy 2 <,,5> Tl + 1T, 53
Yd mg—1
3. rgd)y=d—d,— Ay my <@> ,
where the viscous multipliers read
. Af0
1. AA, = Atigexp| —2 [(2>mp—l] ,
14 0 0
A0 /Y, \m (54)
= At14 Aa 2 Ld ™ _
2 Al = Ak exp< L [(dQ) 1])
and the damage-driving force (from Egs. (16).5) and (22) is
ITeoll \? K
, 2
Y, = —f{;w(d)G<+G“> - fL’,D,(d)3 (tr[E€])" + #H (¢ — d). (55)
We employ Newton’s method
N 10 I L S T N (56)
- - 0x |
with Jacobian
or, or,
so | dn| ol 0d | 7
oy Iy ory dry
T yeoll  0d

Closed-form expressions for the Jacobian entries are deferred to Appendix C.
4. Numerical examples
4.1. Homogeneous material response

To gain insight into the local behavior of the model, we begin with numerical tests involving homogeneous uniaxial loading. The material
response is examined through single-element simulations under tension and compression. Fig. 1.a and b illustrate the geometry and boundary
conditions in the front view for tension and compression, respectively. The loading is applied by prescribing a uniform displacement @, at the
upper boundary. In addition, symmetry constraints are enforced on the planes x = 0, y = 0, and z = 0. All element edge lengths are 0.5 mm. All
numerical examples using single-element rely on the material parameters summarized in Table 2.

The diagrams in Fig. 2 illustrate the homogeneous response of the model under uniaxial loading for different values of the damage threshold
parameter Q,,, which governs the initiation and progression of damage. For a given loading history u,, lower values of Q,, lead to earlier damage
initiation and more pronounced stress softening, as evidenced by the rapid drop in stress after the onset of yielding. In contrast, higher values
of Q, significantly delay damage initiation and maintain higher stress levels for the same strain or displacement conditions, indicating a more
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Fig. 1. Dimensions and boundary conditions for a single-element test using an 8-node hexahedral element: (a) Tension test, (b) Compression test.
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Fig. 2. Homogeneous material response under tensile displacement for varying damage threshold values Q,,: (a) Applied loading u, versus time, (b) Softening
behavior due to damage, illustrated by Von Mises Stress ¢, versus the applied loading u,; (c) and (d) Evolution of the equivalent plastic strain ¢, and damage
variable d.

damage-resistant material response. For sufficiently high values of O, stress softening due to damage does not occur within the considered loading
range.

Fig. 2.c presents the evolution of plastic strain ¢, versus the loading displacement u,, which shows only slight sensitivity to variations in Qy,
particularly at lower values. This suggests that plasticity is primarily governed by the loading conditions rather than by the evolution of damage.
Meanwhile, Fig. 2.d illustrates the accumulation of the damage variable d, where a sharp increase is observed for lower Q,, values, followed by
saturation. For higher threshold values, damage accumulates more gradually.
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Fig. 3. Homogeneous material response under tension and compression with weighted material parameters from Table 2: (a) Loading history over time, with
positive trajectories for tension and negative for compression. (b) Stress response versus the loading factor a(f), noting that stress decreases post-damage in
tension and increases continuously under compression. (c) Evolution of plastic strain, highlighting greater deformation under compression compared to tension.
(d) Damage variable versus loading factor, showing damage evolving solely under tensile loading.

Table 2

Weighted material parameters used in single-element test.
E [MPa] 6 [K] v[-] )10 [s71] A, [K/MPa] H, [MPa]
1643 293.15 0.29 0.1287 140.0 45.797
H, [MPa] Q, [MPa] 0} [MPa] H,, [MPa] H,, [MPa] 0, [MPa]
116.550 53.031 12.3 0.0 100. 12.
Q401 [MPa] Q 40, [MPa] Ngevy [] ey [—] Moty [=] Myor2 [—]
50 3000 100. 0.5 100. 0.5
Ay [K/MPa] Az [K/MPa] g [5™'] g 157" H A
80 8 90.3 0.3 0 0

Fig. 3 illustrates the homogeneous material response under tension and compression, modeled using weighted material parameters from Table
2 to distinguish between the two loading modes. In Fig. 3.a, the loading history over time is depicted, where the loading trajectory is positive in
tension and negative in compression.

Fig. 3.b presents the stress response as a of the loading factor a(r), which represents the absolute value of the applied loading u,, revealing distinct
differences between the two loading modes. Under tensile loading, the stress decreases after damage occurs, as depicted in Fig. 3.d, whereas under
compressive loading, the stress rises continuously. Fig. 3.c shows the evolution of plastic strain with respect to the loading factor. The results indicate
higher plastic deformation under compression than tension, suggesting that the material undergoes more inelastic deformation when compressed.
Finally, Fig. 3.d displays the damage variable as a function of the loading factor. The increase in damage is only pronounced under tensile loading,
which is consistent with the results shown in (Fig. 3.b).

11
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Fig. 4. Homogeneous material response under tensile displacement #, = 0.4 mm with varying strain rates Ex and a constant damage threshold value Qd0: (a)
Damage evolution over time, showing how the damage variable d changes for two total time of simulation, r = 10s (blue) and ¢ = 0.1s (red). (b) Stress-strain
response illustrating the relationship between equivalent von Mises stress o, and applied loading u,, where damage initiation and strain softening due to damage
occur earlier at higher strain rates. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Model validation against experimental data in Hamdoun and Mahnken (2024b): (a) Geometry and boundary conditions of the cross-shaped specimen; (b)
reaction force versus displacement, demonstrating agreement between simulation and experiment.

Fig. 4 illustrates the impact of strain rate on both damage and plasticity evolution. By comparing fast strain rates (+ = 0.1s), with slow strain
rates (1 = 10s), a clear dependency of damage evolution on strain rate becomes evident. In these simulations, the damage threshold parameter Q,,
is held constant.

As shown in Fig. 4.a, at high strain rates, damage progresses significantly more quickly. In contrast, at lower strain rates, the damage variable d
accumulates more gradually. Fig. 4.b reveals that the stress—strain response exhibits a slightly higher peak stress at the faster strain rate, reflecting
the rate-hardening behavior typical of glassy polymers. Stress softening due to damage also occurs earlier at higher strain rates, consistent with
the damage evolution shown in Fig. 4.a. This behavior highlights the coupled nature of viscoplasticity and damage in the model, where the strain
rate influences both the stress level in the plastic domain and damage activation.

4.2. Structural finite element examples

We begin by comparing the prototype model introduced in Section 2 against experimental results of the biaxial testing in Hamdoun and Mahnken
(2024b) using the specimen in Fig. 5.a. The specimen is made from polycarbonate (Makrolon 3108) with initial dimensions and clamping areas
depicted in Fig. 5.a. The tests are conducted on an MTS biaxial machine where the clamping areas are fully constrained while a prescribed,
monotonically equibiaxial loading u(r) is applied at each arm of the cross-shaped specimen at a strain rate of 0.1 s~!. The resulting force-displacement
data are transferred to a GOM GmbH digital image correlation (DIC) system with two cameras for 3D deformation measurements, along with testing
controllers, lighting, and high-performance computers (GOM and Manual, 2011).

12
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Fig. 6. Specimen geometries and boundary conditions used for structural finite element simulations. Both have a length /;, = 50 mm, width b, = 20 mm, and notch
radius r, = 1 mm, subjected to vertical displacement loading &, = 5 mm.

Elastic parameters were extracted from the initial linear portion of the response, whereas the viscoplastic parameters were fitted to the yield
point and the subsequent post-yield regime. Owing to a known model limitation — namely, that it predicts post-yield softening to begin earlier
than in the experiments — certain parameters (e.g., H;,”0* ) could not be estimated entirely reliably. Comparable inconsistencies have been noted
in earlier publications (Parsons et al., 2004; Ognedal et al., 2012; Holopainen, 2013; Narayan and Anand, 2021). In our earlier study (Hamdoun
and Mahnken, 2024a), we contrasted numerically predicted and experimentally observed strain fields using the same specimen geometry and test
configuration.

The same geometry and boundary conditions are imposed in both the simulations and the experiment. The global response in Fig. 5.b shows
close agreement between the measured and simulated force-displacement curves, supporting the fidelity of the modeling framework. During
simulation, all arms of the biaxial specimen break at the same time, but during the experiment this is not the case, since the specimen is manually
mounted and clamped in the machine, which induces many imperfections in the imposed boundary conditions.

To evaluate the behavior of the gradient-enhancement in our model, two representative geometries in Fig. 6 were investigated through finite
element simulations using material parameters in Table 3. Both specimens have a rectangular shape with a length of /, = 50mm and a width of
by =20 mm, and are subjected to uniform vertical displacements of &, = 2.25mm at the top and bottom boundaries. A notch radius of r, = 1 mm is
used in both configurations.

The first geometry, shown in Fig. 6.a, represents a plate with lateral notches, where symmetrical notches are introduced on the left and right
edges to trigger stress concentrations. The second geometry, shown in Fig. 6.b, consists of a plate with a central circular hole, which serves as a
stress raiser and enables the analysis of damage evolution around the hole boundary. These two configurations allow us to investigate the capability
of the model to regularize damage localization and strain softening in the post-damage regime, given the same length scale /, and the same loading
ﬁy.

Figs. 7 and 9 present the results of a mesh convergence study performed on the first specimen geometry depicted in Fig. 6.a, which consists
of a plate with lateral notches. Fig. 7.a illustrates the coarse, medium, and fine mesh discretizations, while Fig. 7.b shows the corresponding
reaction force-displacement curves. Here, we observe that the micromorphic regularization leads to clear mesh convergence, particularly between
the medium and fine meshes. This is evident in the consistency of the peak and post-peak responses, which are typically sensitive to mesh size in
conventional local damage models.

Fig. 9 further supports this observation by showing contour plots of internal field variables. Fig. 9.a displays the distribution of the local damage
variable d, and Fig. 9.b shows the equivalent plastic strain e,. Damage initiates and localizes symmetrically at the lateral notches, where stress
concentration is highest. As the load increases, the damage progresses toward the center of the specimen. The plastic strain bands exhibit a similar
orientation and distribution as the damage fields, reflecting the coupled nature of plasticity and damage in the constitutive model.

Both quantities exhibit mesh-independent behavior, demonstrating that the micromorphic approach effectively regularizes both variables, even
though the gradient formulation is applied only to the damage variable.

In our micromorphic damage formulation, the fully coupled set of governing equations is treated in a monolithic manner and solved with a
Newton-Raphson procedure. For all numerical studies considered, the nonlinear iterations were stable and exhibited nearly quadratic convergence.
During damage initiation and subsequent propagation, convergence was typically achieved within about four to six Newton iterations per load
increment.

Regarding discretization effort, the fine mesh required on the order of 10,000 incremental steps to complete the analysis, whereas the medium
and coarse meshes converged with roughly 2000 steps. Introducing the micromorphic damage field adds an additional unknown compared with
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Fig. 7. Mesh convergence for the first specimen geometry in Fig. 6.a: (a) Coarse, medium, and fine meshes. (b) The micromorphic regularization enables consistent
predictions across mesh resolutions, particularly in the damage-induced softening regime within medium and fine mesh densities.
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Fig. 8. Mesh convergence for the first specimen geometry in Fig. 6.b: (a) Coarse, medium, and fine meshes. (b) The micromorphic regularization enables consistent
predictions across mesh resolutions, particularly in the damage-induced softening regime within medium and fine mesh densities.

a purely local viscoplastic model, thereby increasing the total number of degrees of freedom; nevertheless, the resulting computational overhead
remained moderate.

To assess potential locking effects associated with nearly incompressible plastic behavior, a comparison between full integration and a selective
reduced integration scheme was performed. The results showed negligible differences in both peak load and post-peak response.

All simulations presented in this work were carried out using full numerical integration. No locking artifacts or spurious stiffening were observed.
The numerical response exhibits the expected plastic deformation followed by gradual softening due to damage evolution, indicating that volumetric
locking does not affect the reported results.

Fig. 8 presents a mesh convergence study for a plate with a central hole, using coarse, medium, and fine mesh resolutions, as depicted in Fig.
8.a. The reaction force-displacement curves in Fig. 8.b illustrate that micromorphic regularization achieves consistent results within medium and
fine meshes.

Fig. 10 provides contour plots of the local damage variable d and equivalent plastic strain e,. Damage in Fig. 10.a initiates around the central
hole, where stress concentration is highest, and progresses through the whole cross section of the specimen. The equivalent plastic strain patterns in
Fig. 10.b evolve similarly. The results of both variables highlight the success of the micromorphic approach in minimizing mesh density dependence
within medium and fine meshes.

5. Conclusion

We have presented a gradient-enhanced viscoplastic damage model for glassy polymers that unifies plasticity and damage within a single,
thermodynamically consistent framework. Both mechanisms are formulated from energy and potential functions and evolve through Arrhenius-
type multipliers. This formulation preserves thermodynamic consistency and enables consistent evolution equations and algorithmic tangents for
finite element implementation.
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Fig. 9. Illustration of a structural FE-example employing the specimen geometry depicted Fig. 6.a using micromorphic regularization for the mesh densities in
Fig. 7.a: (a) Distribution of the damage field d; (b—c) Visualization of the saturation behavior for the deviatoric and volumetric damage components, f,,,, and
fo» Tespectively, highlighting a degradation of approximately 80% in the deviatoric contribution and 8% in the volumetric one; (d) Equivalent plastic strain
field e,. The results demonstrate strong agreement between the medium and fine mesh levels for all plotted quantities.
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Fig. 10. Illustration of a structural FE-example employing the specimen geometry depicted in Fig. 6.b with micromorphic regularization applied across the three
mesh densities shown in Fig. 8.a: (a) Contour plots representing the damage variable d; (b-c) Contour plots illustrating the saturation levels of the deviatoric
and volumetric damage functions, f,,,, and f,,, respectively, indicating an 80% material degradation due to the deviatoric part and 10% due to the volumetric
part; (d) Contour plots of the plastic strain e,. The contour plots show nearly identical results for medium and fine meshes across all variables considered.
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Table 3

Material parameter used for structural FE-examples.
E [MPa] 0[K] V-] o571 A, [K/MPa] H, [MPa)
1643 293.15 0.29 0.1287 140.0 45.797
H, [MPa] Q, [MPa] O] [MPa] H,, [MPa] H,, [MPa] Q; [MPa]
116.550 53.031 12.3 0.0 100. 12.
Q01 [MPa] Q02 [MPa] Ngevy [=] Nlgeva [=] Moot 1 [=] Moot [=]
75. 75. 90. 90. 5. 5.
Ay, [K/MPa] Ay, [K/MPa] Juor [s711 Jaon [s711 H A
80 80 90.3 90.3 6000 900

The model captures the pronounced asymmetry between tension and compression by introducing a stress-mode weighting function, where
damage activates under tensile loading while remaining suppressed in compression.

We compared the implemented model to a uniaxial tensile test on polycarbonate of simple geometry. The global force-displacement curve agrees
well with the experiment, lending confidence to the constitutive structure and the numerical realization. We note, however, that the available
experiment probes plasticity without measurable damage evolution. The experimental investigation of damage is still required for full validation
of the theory. The micromorphic regularization is effective, where the internal length scale ensures mesh-objective responses and aligns damage
and plastic-strain localization, even though the gradient acts only on damage.

Building on these results, we will design and conduct dedicated experiments across multiple specimen geometries and loading scenarios over
different ranges of strain rates, with the specific goal of exciting and quantifying tensile-damage evolution. Additionally, in future work we will
perform systematic parameter identification as in Mahnken and Kuhl (1999) and Mahnken (2004), with particular focus on the micromorphic
parameters that govern regularization. The presented formulation and numerical evidence provide a robust foundation for this next stage.
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Appendix A. Thermodynamic consistency

For thermodynamic consistency of the material model under consideration, it is sufficient that the Clausius-Duhem inequality (19) is fulfilled.
Using Egs. ((24).1), ((24).3) and the evolution Egs. (26), the Clausius-Duhem inequality (19) re-writes as

2 2
Ded =T R - Y P04, +Y,d - Y 0,

i=1 i=1

0 (i, ()" 1) o420 L v (s ()" 1) L9, (-1
— m v - + — 4 m —_— - + >0,
="\ »=gr T \dg “agr,
— — N————
>0 >0

since ¢,/°0 > 1 and Y, /90 > 1.
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Appendix B. Discretization of bilinear and tangent forms

Lo Sl goul = (86Ul F N, (€)g, =8ul,f". where

where

fi["*” = (SpyFiNay (§)>@e
20 S disg) = (Gr8dN Q)+ 88d°No©)g, = bui S, where
Fimd = (N, 1©) + N, (&),
3. f™u] = ([b13ufuNo(@) s, + ((T1i8uuNo(@)ogs, = 610y "
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By use of the algorithmic tangent moduli of (46) in index notation
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the tangent forms in Egs.
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Appendix C. Derivations of the Jacobian entries

(8N, [Ty Nj g Ad° + 5d°N (E) TP Ny(£)Ad®) .

(45) in terms of the reference configuration for each element e are

(FirNos @ e Fek Ny 1@ + N (SN, 5 (9515),
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For completeness we list the partial derivatives entering Eq. (57). Differentiating Eq. ((53).2) yields
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For the damage residual r,; in Eq. ((53).3), the derivative with respect to ||wa|| gives
oy oy or, 0Ai; 0Y, or, oY,
NT ool ONTyeull  94%s Yy OlITyeull  OYa ONIT el

=0

where
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047, %) Y, 0 \dQ
and from Eq. (55),
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and derivation with respect to Y, yields
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Finally, the derivation of r, with respect to d gives
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Appendix D. Derivations of local unknowns with respect to global unknowns
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(C.9)

(C.10)

(C11)

(C.12)

(C.13)

(C.14)

The sensitivities of the local variables x = [IIT,.,Il; d] with respect to the global variables X = [E; ¢] are obtained from the local problem (53)

via the implicit function theorem
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The derivative of residual vector r with respect of E is
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and the derivative of residual vector r with respect of ¢ is
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Appendix E. Algorithmic tangent moduli C!

(D.15)

(D.16)

(D.17)

Invoking the constitutive relation between the Second Piola—Kirchhoff stress S and the Hill stress T in Eq. ((18).2), the algorithmic tangent
modulus in Eq. ((46).1) follows by formal application of the chain rule (see Miehe and Lambrecht, 2000):

L o = 2%=P:H:P+T:L, where
oT d’E

2. H = & 3 L=4_2%
oF 9C ® aC

(E.18)

Here, in addition to the projection tensor PP defined in Eq. ((4).2), we introduced the sixth-order tensor L. and the material modulus H. The latter
is obtained by differentiating the Hill stress T with respect to the total strain tensor E under its standard volumetric-deviatoric split. The full

expressions of H and all intermediate sensitivities are collected in Appendix I.
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Appendix F. Algorithmic tangent modulus C?

The algorithmic tangent modulus C? defined in (46).2 follows, by a direct chain rule argument, as
s _ ( or_ lTaell ﬂa_d> .
9 olTyell 99 od o

The sensitivities of the internal variables with respect to ¢ are obtained from Eq. (D.15) via the implicit-function theorem. All remaining elementary
partial derivatives and driving-force terms are deferred to the Appendix for compactness.

2 = (F.19)

Appendix G. Algorithmic tangent moduli C3! and C3?

The algorithmic tangent modulus C?!, as defined in Eq. ((46).3), is given by

9¢
Ml =22 =0. G.20
3C ( )
Taking the derivative of the microforce in Eq. ((16).3), we obtain
a 0H (¢p — d) ad 6E ad
2 _p08 0@ =d) _ 5y 0d _ oy 94 “H=—= :P .21
C oC oC oC oE " oC oE ’ (G.21)

where the derivative 2% 0E is obtained from Eq. (D.15).

Appendix H. Algorithmic tangent moduli C* and C*#

By differentiating the microstress in Eq. ((16).4), the algorithmic tangent modulus C*! in Eq. ((46).3) is obtained as
ol oA H
0H =~ oH
where 1 is a second order unit tensor. Similarly, differentiating the microforce in Eq. ((16).3) gives the algorithmic tangent modulus C** in
Eq. ((46).3)

C4l — = A1 (HZZ)

0a _0H(p-d) _
P re MH(1 - ad)) (H.23)

The derivative g—: is in Eq. (D.15).

C42 —

Appendix I. Details for H and auxiliary derivatives

The decomposition of H consistent with the volumetric-deviatoric split reads
aTval aTdev

1. H = + ——, where
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The elementary derivatives used in (1.24) are
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Appendix J. Details for C? auxiliary derivatives
The Hill-stress sensitivities used in (F.19) read

241 1 (m, = 1) my=2
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NTye,l 2 | olTgell \ 7O 0 2\ (J.31)

oT
ad
Egs. (D.17)-(J.31), together with the previously defined Jacobian J, fully specify the quantities in (F.19).
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Data availability

Data will be made available on request.
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